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Abstract

Some iterative and projection methods for SAN have
been tested with a modest success. Several precondition-
ers for SAN have been developed to speedup the conver-
gence rate. Recently Langville and Stewart proposed the
Nearest Kronecker Product (NKP) preconditioner for
SAN with a great success. Encouraged by their work,
we propose a new preconditioning method, called Ap-
prozimated Tensor Sum Preconditioner (ATSP), which
uses tensor sum preconditioner rather than Kronecker
product preconditioner. In ATSP, we take into account
the effect of the synchronizations using an approxima-
tion technique. Qur preconditioner outperforms the
NKP preconditioner for the tested SAN Model.

1. Introduction

Stochastic Automata Networks (SAN) is a very pow-
erful modeling tool for complex systems [1] [2] [3], they
are particularly useful to model parallel and distributed
activities. A stochastic automata network consists of a
number of individual stochastic automata that operate
more or less independently. Each individual automa-
ton is represented by a number of states and rules that
govern the manner in which it moves from state to the
next. The state of an automaton at time ¢ is given by
the state it occupies at that time ¢. Considering an
individual automaton is called local view of the SAN.
The global view of a SAN or more precisely, the global
state of a SAN at time ¢ is the state given by the state
of each automaton at time ¢ [1]. The SAN formalism is
naturally appropriate to model parallel and distributed
activities, which can be viewed as a collection of com-
ponents that operate more or less independently and
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might interact infrequently.

There are two ways in which stochastic automata
interact : Synchronized transition, i.e a transition in
one automaton may force a transition to occur in one
or more other automata. Functional transition, i.e. the
rate at which a transition occurs may be a function of
the state of a set of automata.

Many methods have been proposed to solve SAN
model all of them are iterative or projection method
such as the power method, GMRES and Arnoldi
method [2]. These methods adapt well to SAN because
they are based on the product vector by the SAN de-
scriptor, which can be carried out efficiently [4]. Direct
methods for solving Markov chain, such as those based
on LU factorization cannot be applicable to SAN. SAN
never expands the transition matrix, which is required
for the LU factorization. Classical iterative methods
like Gauss-Seidel, SOR have been adapted for SAN
and developed by Dayar [5]. As we just mention it,
the only method easily adaptable to SAN are iterative
method. It is natural then to try preconditioning meth-
ods to accelerate the convergence rate of those iterative
methods.

There are several preconditioning method that have
been tested on SAN. For the same reasons as discussed
above, preconditioner, which showed a great success for
Markov chains modeling, namely, incomplete LU fac-
torization (ILUQ,ILUTH) cannot be used for SAN pre-
conditioning. Atif and his co-worker [6] have tried the
first time Neumann series to approximate the inverse
of the SAN descriptor. Overall no benefit has been
drawn from that preconditioner. Other preconditioner,
which are extensions of Neumann series have been ap-
plied to projection method [7] such as, BiCGSTAB,
CGS, TFQMR. These preconditioners reduce the cost



to compute the approximate inverse, but still they are
computationally expensive for large-scale SAN.

In 2004 Langville and Stewart [8] proposed a new
method called Near Kronecker Product approximation
(NKP), which aims at approximate the inverse of the
SAN descriptor. The NKP preconditioner first solves
an optimization problem to approximate the SAN de-
scriptor by one Kronecker product. In the second stage
the inverse of this resulted Kronecker product is com-
puted as a Kronecker product of the inverse of each
matrix as shown in [9].

NKP preconditioner has been tested successfully
and compare favorably with the other preconditioner.
For large-scale SAN models, NKP preconditioner needs
to do grouping of automata in order to reduce the cost
of the preconditioner. Gouping of automata, means
expanding the SAN descriptor. It is know that all the
power of SAN formalism is based on keeping the SAN
descriptor as compact as possible.

In this paper we present a new approximate in-
verse preconditioner method based on tensor sum ap-
proximation for the SAN descriptor, it is called Ap-
proximated Tensor Sum Preconditioner (ATSP). ATSP
technique is more scalable than NKP, it does not re-
quire to group automata. The rest of this paper is

organized as follows: In Section 2, we present the back-
ground and related works. Our preconditioner method-
ology is discussed in Section 3. In Section 4, we com-
pare our preconditioner and NKP for some SAN mod-
els. Section 5 concludes the paper.

2. Backgroud and Related Works

In this paper we focus only on computing the sta-
tionary probability vector denoted 7 corresponding to
a SAN model. As discussed in [6], the SAN descriptor,
i.e. the infinitesimal generator of the SAN model has
the following compact structure:

T
Q=> &' q: (1)
Jj=1
The power method is one of the basic iterative
method that has been applied to SAN [6] [7] [10]. The
power method is applied to the matrix P = I + AQ,
where A = maz1| —. For SAN formalism the power
qnl
method iteration is given by:

T
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The power method has the merit to be very simple
and it cost per iteration is cheap (product vector by
the SAN descriptor) comparatively with others. The
disadvantage of the power method is its very slow con-
vergence rate. It is still used as a baseline to compare
new iterative methods.

Preconditioning an iterative method offers a good
improvement in the convergence rate of the specific it-
erative method. Since the convergence rate of iterative
methods depends on the distribution of the eigenvalues
of the iteration matrix. The goal of preconditioning is
to modify the eigenvalues distribution of the iteration
matrix so that it will converge rapidly. In the general
case of a system of equations Az = B, preconditioning
is the introduction of a matrix M called the precondi-
tioner, such that the new system becomes M Az = Mb.
The matrix M is selected to be as close as possible to
the inverse of A. The difficulty is how to construct
M as an approximation to A~! efficiently. Popular
preconditioner like Incomplete LU factorization ILU
(ILUO, ILUTH [11]) are among the best preconditioner
for Markov chains. Unfortunately these method cannot
be adapted to SAN formalism because of the compact
form of the SAN descriptor. Another preconditioner
developed by Stewart and his co-workers [6], uses Neu-
mann series. This preconditioner is accurate but it
is computationally very expensive. Buchholz [7] , has
tested a preconditioner based on the inverse of the indi-
vidual automata, but unfortunately with a very mod-
erate success in some cases.

Recently Langville and Stewart [8] proposed the
Nearest Kronecker Product preconditioner, which is
base on approximating the inverse of the SAN de-
scriptor. Their idea is to approximate the SAN de-
scriptor @ = (E;‘.le oN Q%) by a Kronecker pro-
ducted of matrices 4; ® A3 ® ... ® A,,. This can
be done by solving the following minimization prob-
lem: ||Q — A1 ® A2 ® ... ® An||%. Once the matrice
A;,i = 1..N are calculated, the NKP preconditioner is
M=A7"® A;' ® ...® AN'. The cost of this precon-
ditioner is given in [8], and it depend on the number
of variables NT'. Clearly if N the number of automata
is high and/or the number of synchronizing event is
high, both the cost of forming the traces and also solv-
ing the nonlinear optimization problem including NT
variables will be very expensive. As mentioned in [8],
this drawback can be circumvented by using group-
ing of automata as it done in [10]. As we discussed in
the introduction the grouping may limit the advantages
gained through keeping the SAN descriptor in its com-
pact form. Grouping means expanding the descriptor
in some sens.



In the next section we present our preconditioner,
which is also an approximate inverse but instead of
using a Kronecker product as an approximation as in
the NKP method, we use tensor sum preconditionner.

3. Tensor Term Preconditioner for SAN

The are two motivations for the use of tensor sum
preconditioner rather than Kronecker product precon-
ditionner:

1. In SAN modeling the automata act independently
and they may synchronize from time to time. Syn-
chronization rate may be small.

2. The use of Kronecker product structure to approx-
imate a dominant tensor sum structure may not be
appropriate. The places of the non zero elements
may be very different for the two different struc-
tures. This may explain why the NKP precon-
ditioner is really performing bad for the general
Markov chains as discussed in [8]. The perfor-
mance of the NKP preconditioner does not con-
verge as expected even for for SAN models, may
be for the same reasons.

Preconditioning of the power method is done by in-
troducing the preconditioner matrix M as seen in the
previous section. The preconditioned power method
for SAN is given by the following formula:

T
) =2 L Az D e QM) (3)

i=1

If we denote by y*) = Ax(®) (Z —1 ® Q) the pre-
conditioned iteration will look 11ke

Al = (k) 4 () -1 (4)

In practice we do not compute the inverse of M. It is
easier to modify the problem of computing the inverse
of a matrix to solving a system of equation involving
M : y® M~ = 2z, and the equation to be solved is
then

zM =y, (5)

where Mis kept in its SAN compact form.

To simplify the presentation of our method, we first
present the case where the SAN descriptor is a pure
tensor sum (it contains only local terms). Then we
show how to extend the method to the case where the
SAN is not a pure tensor sum, which is in fact the more
general case.

3.1. SAN Descriptor with Pure Tensor
Sums

For clarity reasons we consider the case where the
SAN descriptor consists of a tensor sum with only two
factors : M = (A; ® A2), where A; is of dimension
mxm, and As is of dimension nxn. The generalization
of this method will be discussed later. We recall that
our aim is to solve the system of equations (5). The
basic algorithm was proposed by Bartels and Stewart
[12], the system (5) is equivalent to the system:

ATX + XA, =Y (6)

where X is an m x n matrix. The matrix X can
be seen as a matrix of columns : X = (x1,%2, ..., %),
where x; denotes the j* column of X. The matrix ¥
which represents y is structured in a similar way. The
algorithm is as follows:

Algorithm

1. Compute a unitary transformation U and V such
that

Ay =UTAU andd, = VT A4,V (7)

where A; and A, are upper triangular matrices
obtained using a Shur decomposition algorithm.

2. Transform the original system (6) using step 1 as

follows: -
ATX 1 XA =Y 8)
where
X=UTxv
and
Y =UTYV.

3. The first column of X is given by solving the fol-
lowing lower triangular system:

(.14_1T+.14_2(].,].) X I)fl ::ljl. (9)

4. The computation of the k* column of the system
is given by:

5. Form the solution X using X : X = UXV7T,



Note that in this algorithm the Shur decomposition
is not necessary for the first matrix A;. This helps
the generalization from the 2 matrices case to the N
matrices case. The generalization of this method can
be seen as a recursive process, which is described as
follows: Any system z(A; @ A,... ® Ay) = y, where

the matrices A; are of dimension n;,7 = 1..N, can be
decomposed as z(A @& An) = y. At this stage we do
require only the Shur decomposition for the matrix Ay .
The matrix A has still a tensor sum structure but with
only N — 1 matrices. steps 1, 2 of the basic algorithm
are the same except that U” and U matrices are taken
to be identity matrices. The steps 3 and 4 will be:

e The first column of X is given by solving the above
system involving A:

(A" + Av(1, D)D)z = g1 (11)

e The computation of the k** column of the system
is given by:

k-1
(AT + An(k, k) D)k = gk — »_ An(i,k)Ti. (12)

For both steps we need to solve a system of equa-
tion involving the matrix A, which has a tensor sum
structure with the following form:

(A" + al)@ = fr, or (B")aw = fr,  (13)

where the matrix B = (A1 ® Ay... ® AN_2® (An_1 +
al)), and a a real number. Using the transpose opera-
tion the system (13) can be written as 737 (B) = fi .
To compute #? we need to solve a similar problem
as the original one but hopefull with smaller size. We
apply recursively this process till having a system with
only two matrices in the tensor sum matrix B and then
we use the basic procedure. It is easy to see that the
cost of solving the above system of equations (exclud-
ing the Shur decomposition of the matrices) is given
by

5
Cost = §(n1n2...nN)(n1 +n2+ ... +nN)-

In general, matrices A;,4 = 1..N are small matrices.
The cost of their Shur decomposition is negligible and
hopefully they are calculated only one time for all it-
erations. The cost to solve the preconditioned system
is then equal to 2.5 time the cost of the multiplication
vector by one term of the SAN descriptor.

Let us focus now on practical implementation issues.
Since M is singular (generator), the inverse of M does

not exist. The idea is to alter slightly the system (8)
to overcome the singularity problem. One sure way
to alter M lies within the following property of the
tensor sum: (AT + al)X + X (A2 —al) =Y, for any
real number a. The resulting system is equivalent to
the first one, but the singularity is still present. The
second way is to apply a shift to M = (4; @ Ay + al).
The new system is not equivalent, but fortunately any
shift combined with the power method converge to the
right solution.

3.2. SAN Descriptor with Synchronization
Terms

We recall that the SAN descriptor has the form given
in formula (1). In general, it has two parts, the local
terms, which are pure tensor sums, plus the synchro-
nization terms, which are Kronecker products. In this
case our algorithm cannot be applied directly, since it
handles only pure tensor sums. We present two tech-
niques based on how to handle the synchronization:

1. One solution is to consider only the local terms as
a preconditioner. In this case the synchronization
rate are not included within the preconditioner,
which may not lead to an accurate preconditioner.

2. A second way of dealing with the synchronization
is approximating the synchronization by indepen-
dent events. Each synchronization event is broken
as local independent events with the same rate in
each automaton where the synchronization event
act on. In other words, the rates of the synchro-
nization events will be treated as local transition
and thus easy to be added to the ATSP precondi-
tioner.

In the next section we will test the quality of our
ATSP preconditioner using the last methods.

4. ATSP Preconditioner and SAN Mod-
els

In this section we present the SAN models tested
and the results obtained by our ATSP preconditioner
comparatively with the power method without precon-
ditioning(None); power method with NKP precondi-
tioner (NKP). For all the experiments the shifting fac-
tor a (to remove the singularity) is chosen from the
interval [.001,.1]. The current version of ATSP is im-
plemented using MATLAB software. The tests have
being running on a Pentium 4, IMGHz.



4.1. Independent Queues Model

In this model we want to measure the quality of our
preconditioner at its full power, i.e. models where the
SAN descriptor is a pure tensor sum. In this model
we consider a system of six independent M/M/1/¢;
queues. Arrivals to the queues are independent of rate
Ai,t = 1..6. The service rate at each queue 7 is u;.
The SAN descriptor will have the following form: @ =
EB?LI A; (pure tensor sums), where A; is

- i 0
Wi~ — A oy 0
A; = 0 i —pwi—Xi A0

The results of testing this model are summariazed
in table 1, the model parameters are \; = i,7 = 1..6,
and p; = 24,9 = 1..6. The time units in the tables is
seconds.

Power Power

[Ici | Prec. | Nb. Iter. | Time
26 None 153 4.97
NKP 101 8.63

ATSP 2 0.36

3¢ None 303 74.33
NKP 167 81.60

ATSP 2 1.33
48 None 331 364.69

NKP 282 682.02

ATSP 2 4.9

Table 1. Independent queues.

We can see clearly the very good quality of our
ATSP preconditioner. It converges in only two iter-
ations when NKP takes several iterations.

4.2. Tandem Queue Model

In this example we consider two queues in tandem
where customers enter the system from the first queue
with rate A, get their service with rate p;. Customers
leaving the first queue may join immediately the second
queue with probability p or leave the system with prob-
ability (1 — p). This model contains two local terms,
one synchronization term and one normalization term
for the synchronization:

e Local term one Lq:

* A 0
(1 —p) * A 0
L = 0 pm(l—p) = A 0
0 v i (l=p) =

where * denotes the negative of the sum of the
elements of the corresponding row.

e Local term two Ls:

L2=Icl® 0 M2 _MQ 0
0 M2 — 2

e Synchronization term S:

0
mp  —pap 0 .
S = 0 mp —mp O ®
0 cee 1P —pap
0 1
0 0 1

o
o
o
o
—_

0

e Normalization term NS:

0o ...
0 —wuip 0 .
NS = 0 0 —mp 0 ®

0 ... ceeeee —p

0 ...

0 1 0

0 0 1 0

0o ... ... 0 1

The SAN descriptor is the sum of four terms: @ =
Li+Ly+ S+ NS. The local terms are L = L{ @ L.
We can use only the local term as an approximation
to @, the effect of the synchronization is lost. This ap-
proximation will depend on how small is the rate of the



synchronization event (pu;). We can use approxima-
tion technique 2: the synchronization events are con-
sidered as independent events (not a synchronization
event). In this case, the arrival at the second queue is
considered as a Poisson process of parameter pu;. The
local terms will be modified as follows:

-A A 0 .
1251 — M1 — A A 0 A
ModL, = | O g —m—A A 0 gy
0 - - M1 — M1
and,
*  pp
M2 ¥ map

ModLy=1,® | O H * p
The results of testing this model are shown in ta-

ble 2, the model parameters are A\ = 13,p = .7, u; =
20, pu2 = 30.

Power Power
¢1 | ¢a | Prec. | Nb. Iter. | Time
20 | 20 | None 567 6.50

NKP 346 5.29
ATSP 22 0.32
50 | 50 | None 504 28.14
NKP 421 31.02
ATSP 169 12.02
71 | 71 | None 458 48.84
NKP 401 57.01
ATSP 235 35.14

Table 2. Tandem Queue Example.

From table 2 we can see the good performance of
ATSP compared to NKP. For the largest model tested,
ATSP is almost two times faster than NKP.

5. conclusion

In this paper we presented a new approximated ten-
sor sum preconditioning method for solving stochastic
automata network models. The cost of this precondi-
tioner is 2.5 time the product vector by one term of
the SAN, which is relatively cheap. Testing our pre-
conditioner on a SAN model without synchronization

C2

gives very good results, only two iterations are needed
to solve the SAN models.

We presented also a new technique to handle syn-
chronizations in the ATSP preconditioner if they exist
in the SAN model. This approximation technique is
based on breaking the synchronization event into local
events with the same rate. Experimental results the
superiority of our preconditioner over NKP precondi-
tioner for the tested SAN models. In our future work
we will investigate other technique to handle synchro-
nizations to make our preconditioner more accurate.
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