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ABSTRACT
In thispaperwedescribeanapproachfor generatinggeometrically-
parameterizedintegrated-circuitinterconnectmodelsthat areeffi-
cient enoughfor use in interconnectsynthesis. The model gen-
erationapproachpresentedis automatic,andis basedon a multi-
parametermodel-reductionalgorithm.Theeffectivenessof thetech-
nique is testedusing a multi-line bus example,whereboth wire
spacingand wire width are consideredas geometricparameters.
Experimentalresultsdemonstratethat thegeneratedmodelsaccu-
ratelypredictbothdelayandcross-talkeffectsoverawiderangeof
spacingandwidth variation.

1. INTRODUCTION
Developersof routing tools for mixedsignalapplicationscould

make productive useof moreaccurateperformancemodelsfor in-
terconnect,but thecostof extractingevenamodestlyaccuratemodel
for a candidaterouteis far beyondthecomputationalbudgetof the
inner loop of a router. If it werepossibleto extractgeometrically
parameterizedmodelsof interconnectperformance,thensuchmod-
elscouldbeusedfor detailedinterconnectsynthesisin performance
critical digital or analogapplications. In this paperwe presenta
schemefor automaticallyconstructingparameterizedmodelsfor
interconnect,anddemonstratethe scheme’s effectivenessusinga
width andspacingparameterizedmulti-line bus.

Theideaof generatingparameterizedreduced-orderinterconnect
modelsis not new, recentapproacheshave beendevelopedthat
focuson statisticalperformanceevaluation[1, 2] andclock skew
minimization[3]. Ourwork differsfrom thecitedeffortsin two im-
portantways. First, the targetapplication,interconnectsynthesis,
requiresparameterizedmodelsvalid over a wide geometricrange.
Second,thetechniquedescribedbelow is a multi-parameterexten-
sion of the projection-subspacebasedmomentmatchingmethods
thathave provedsoeffective in interconnectmodeling[12, 13,10,
9, 8, 7, 11].�
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In the following sectionwe presentthe basic backgroundon
multi-parametermodel-orderreductionfor a two-parametercase,
andthen in sectionthreewe describethe generalizationto an ar-
bitrary numberof parameters.In sectionfour, we demonstratethe
effectivenessof themethodonawire-spacingparameterizedmulti-
line busexample,andconsiderbothdelayandcross-talkeffects.In
sectionfive we usethe generalizedmulti-parametermodelreduc-
tion approachto re-examinethe multi-line bus example,but now
allow bothwire width andwire spacingto beparameters.Conclu-
sionsaregivenin sectionsix.

2. BACKGROUND
Onerecentlydevelopedtechniquefor generatingsimplegeomet-

rically parameterizedmodelsof physicalsystemsis basedon first
usinga very detailedrepresentation,suchasa discretizedpartial
differential equation,and thenreducingthat representationwhile
preservingthe variationdueto changingparameters[5]. The re-
ductionapproachusedfor handlinggeometricparametervariation
in thesephysicalsystemclosely parallelsthe techniquesfor dy-
namicalsystemmodelreduction,asituationthatfollows from con-
sideringthe Laplacetransformdescriptionof a dynamicalsystem
and then allowing the frequency variable to substitutefor a ge-
ometric parameter. This closeparallelismhasallowed for some
cross-fertilization,for examplea subspace-projectionbasedmo-
mentmatchingmethodwasborrowed from the dynamicalsystem
model-reductioncontext andusedto automaticallygeneratespacing-
parameterizedmodelsof wire capacitances[6].

The observation that geometricparametersandfrequency vari-
ablesare interchangeable,at leastin a restrictedsetting,suggests
thattheproblemof generatinggeometricallyparameterizedreduced-
ordermodelsof interconnectcanbeformulatedasamulti-parameter
model-orderreductionproblem.In addition,it is possibleto exploit
the recentlydevelopedconnectionbetweenprojectionsubspaces
andmulti-parametermoment-matching[4] to generateaneffective
algorithm.Below, we make this ideamoreprecise.

Considerthelinearsystem�
s1E1 � s2E2 � A� x � Bu (1)

y � Cx (2)

wheres1 ands2 arescalarparameters;x is a statevectorof dimen-
sionn; u andy arem-dimensionalinputandoutputvectors;E1, E2
andA aren � n matrices;andB andC aren � mandm � n matrices
whichdefinehow theinputsandoutputsrelateto thestatevectorx.



If oneof theparameters,s1 or s2, areassociatedwith frequency,
andtheotherassociatedwith ageometricvariation,then(1) would
bea dynamicalsystemandE � s1 � s2 	 � s1E1 � s2E2 � A would be
its descriptormatrix.

For many interconnectproblems,thenumberof inputsandout-
puts, m, is typically much smaller than n, the numberof states
neededto accuratelyrepresenttheelectricalbehavior of the inter-
connect. In orderto generatea representationof the input-output
behavior givenby (1)usingmany fewerstates,onecanuseaprojec-
tion approach[7]. In theprojectionapproach,onefirst constructs
ann � q projectionmatrixV whereq 
 n, andthenonegenerates
the reducedmodelfrom the matricesof theoriginal systemusing
congruencetransformations[10]. Specifically, thereducedsystem
is givenby�

s1V
TE1V � s2VTE2V � VTAV � x̂ � VTBu (3)

y � CVx̂ (4)

werethereducedstatevectorx̂ is of dimensionq andis representing
theprojectionof thelargeoriginal statevectorx � Vx̂.

The columnsof V are typically chosenin sucha way that the
final responseof thereducedsystemmatchesq termsin theTaylor
seriesexpansionin s1 ands2 of the original response.For a non-
singularA we canwrite (1) as�

I � � s1M1 � s2M2 	 � x � BMu

y � Cx

where

M1 � � A� 1E1

M2 � � A� 1E2

BM � � A� 1B 
We canthenderive an expressionfor the statevectorx which we
canconvenientlyexpandin Taylorseries

x � �
I � � s1M1 � s2M2 	 � � 1BM u� ∞

∑
m� 0

�
s1M1 � s2M2 � mBM u� ∞

∑
m� 0

m

∑
k � 0

Fm
k � M1 � M2 	 BM u sm� k

1 sk
2

The coefficients of the seriesFm
k � M1 � M2 	 can be calculatedus-

ing [4]

Fm
k � M1 � M2 ���� �� � 0 if k ���� 0 � 1 ��������� m�

I if m � 0
M1Fm� 1

k � M1 � M2 �! M2Fm� 1
k � 1 � M1 � M2 � otherwise

In [4] it is alsoshown thatfor asingleinputsystem(BM � b) if the
columnsof V areconstructedto spantheKrylov subspace

V � colspan" b � M1b � M2b � M2
1b � � M1M2 � M2M1 	 b � M2

2b � #$&% �
or equivalently,

V � colspan' nq(
m� 0 ) m(

k � 0

Fm
k � M1 � M2 	 b*,+ �

thenthereducedmodelmatchesthefirst q � nq � nq � 1	$- 2 moments
of theTaylorseriesexpansionin s1 ands2.

3. P-PARAMETERS MODEL ORDER RE-
DUCTION

In this Sectionwe considertheextensionof thepreviousresults
to a linearsystem�

s1E1 � $# � spEp � A� x � Bu (5)

y � Cx (6)

wherethedescriptormatrix E � s1 � $# � sp 	 � s1E1 � ## � spEp � A
dependson p parameterss1 � ## � sp. Thereducedmodelcanstill be
generatedusinga congruencetransformation�

s1V
TE1V � ## � spVTEpV � VTAV � x̂ � VTBu

y � CVx̂

andonceagain,in orderto calculatethecolumnspanof theprojec-
tion matrixV it is convenientto write thesystem(5) as�

I � � s1M1 � ## � spMp 	 � x � BMu

y � Cx

where

Mi � � A� 1Ei for i � 1 � 2 � ## � p
BM � � A� 1B

andexpandingin Taylorseries

x � . I / � s1M1  0�����$ spMp �21 � 1BM u� ∞

∑
m3 0

. s1M1  4�����& spMp 1 mBM u� ∞

∑
m3 0

m�65 k3 7�8 8 8 7 kp 9
∑

k2 3 0
���������� m� kp

∑
kp : 1 3 0

m

∑
kp 3 0

. Fm
k2 ; 8 8 8 ; kp � M1 �������<� Mp � BM u1 s

m�65 k2 7�8 8 8 7 kp 9
1 sk2

2 ����� s
kp
p

The coefficientsof the seriesFm
k2 = > > >?= kp

� M1 � ## � Mp 	 canbe calcu-
latedusing:

Fm
k2 = > > >?= kp

� M1 � ## � Mp 	 �A@B C 0 if ki DE " 0 � 1 � ## � m% i � 2 � $# � p
0 if k2 � ## � kp DE " 0 � 1 � ## � m%
I if m � 0

andfor all othercases

Fm
k2 ; 8 8 8 ; kp � M1 ��������� Mp �F� M1Fm� 1

k2 ; 8 8 8 ; kp � M1 �������!� Mp �! (7) M2Fm� 1
k2 � 1 ; 8 8 8 ; kp � M1 �������!� Mp �! 4����� MpFm� 1
k2 ; 8 8 8 ; kp � 1 � M1 �������!� Mp �

For a singleinput system(BM � b) thecolumnsof V canbecon-
structedto spantheKrylov subspace

V � colspan� b� M1b � M2b �������!� Mpb � M2
1b� � M1M2  M2M1 � b �������!������G� � M1Mp  MpM1 � b � M2

2b � � M2M3  M2M3 � b������� � �
or equivalently

V � colspan

�� � nqH
m3 0

m�I5 kp 7�8 8 8 7 k3 9H
k2 3 0

����� m� kpH
kp : 1 3 0

mH
kp 3 0

Fm
k2 ; 8 8 8 ; kp � M1 �������!� Mp � b J KL �



Figure 1: Sketch of the modeled16 parallel wir esinterconnect
bus.

For amulti-inputsystemthecolumnsof V canthenbeconstructed
to spantheKrylov subspacesproducedby thecolumnsof BM

V � colspan

�� �NM nq
m3 0

M m�65 kp 7�8 8 8 k3 9
k2 3 0 ����� M m

kp 3 0 Fm
k2 ; 8 8 8 ; kp � M1 �������<� Mp �$.BM 1 1 �������!�M nq

m3 0
M m�65 kp 7�8 8 8 k3 9

k2 3 0 ����� M m
kp 3 0 Fm

k2 ; 8 8 8 ; kp � M1 �������<� Mp �$.BM 1 j J KL
4. EXAMPLE: A BUS MODEL PARAME-

TRIZED IN THE WIRES’ SPACING
Onedesignconsiderationfor interconnectbussesis thetrade-off

between:O
wider spacingto reducepropagationdelaysandcrosstalkO
narrower spacingto reduceareaandthereforecost.

In this examplewe have useda multi-parametermodel order re-
duction approachto constructa low-order model of an intercon-
nectbus,parametrizedby thewire spacing.Themodelcanbeeffi-
ciently constructed“on thefly” duringthedesignandcanaccount
for thetopologyof thesurroundinginterconnectalreadypresentin
thedesign.Onceproduced,themodelcanbesimply evaluatedfor
differentvaluesof the main parameter, the wire spacing,in order
to determinepropagationdelay, crosstalkor evendetailedstepre-
sponses.

Our exampleproblemis thebusin Fig. 1 which consistsof N �
16 parallelwires,with thicknessh � 1  2µm, andwidth w � 1µm.
Thetotal lengthof eachwire is l � 1mm.Aboveandbelow ourbus
we assumeda randomcollectionof interconnectat several layout
levels rangingfrom a distanceof 1µm to 5µm. We have subdi-
videdeachwire into 20 equalsectionsdelimitedby n � 21 nodes.
Eachsectionhasbeenmodeledwith a resistor. Eachnodehasa
“groundedcapacitor”representingthe interactionwith upperand
lower interconnectlevels. In addition,eachnodehastwo coupling
capacitorsto theadjacentwiresonthebus.Thevalueof thecapaci-
torswasdeterminedusingsimpleparallelplateformulas.Standard
frequency domainnodalanalysisleadsto a systemof equationsof
theform

s P Cg � Cs

d Q v � s	6� Gv� s	 � Bvin � s	 (8)

vout � s	 � Cv � s	R� (9)

wheres is theLaplaceTransformvariable,d is thespacingbetween
wires,G is then � n nodalconductancematrix,Then � n matrixCg
is thediagonalnodalmatrix associatedwith thegroundedcapaci-
tors,andCs is thesparsenodalmatrix associatedwith theadjacent
couplingcapacitors.B is then � mmatrix relatingm inputvoltages
vin to then internalnodepotentialsv, C is a m � n matrix relating
nodepotentialsv to the m outputvoltagesvout . For simplicity in
thisexampleweassumedall wiresaredrivenby sourceshaving the

sameimpedancerd � 1- gd. In generalwhengd is smallcompared
to thewire conductance,all thecapacitorsin thedifferentsections
of eachwire appearaslumped,andthe detailedmodelpresented
hereis not necessary. A more interestingcaseis observed when
insteadgd is large. In suchcasethe wires charge up slowly from
theinputsideof thebusandcontinueto chargeupalongthelength
of thebus. In orderto observe thismoreinterestingeffectwechose
gd � g whereg is the conductanceof eachof the 20 sectionsin
eachwire. All thewiresareleft openon theotherside.

4.1 Crosstalkfr om oneinput to all outputs
To determinethe crosstalkgeneratedon all the outputsfrom a

transitionona singleinput, theinputmatrixbecomesaunit vector,

B � b � �
0 ## 0 gd 0 $# 0� T �

andtheoutputmatrix becomesa setof munit vectors

C �TSUUUV ## 010 $# $# 010 #$
. . . #$ 01

W XXXY
The systemin (8) canbereducedin the form (1) shown above in
Section2 by defining

s1 � s

s2 � s
d

Theproblemis betterparameterizedusingthechangeof variables
γ � 1- d andthenusingaTaylorseriesexpansionaroundanominal
spacingvalued0

γ � γ0 � ∆γ � 1
d0 � ∆d

� 1
d

sothat(8) becomes

s ZCg � Cs � γ0 � ∆γ 	&[ v � Gv � bvin

or �
s� Cg � Csγ0 	6� s∆γCs � G� v � bvin

whichcanbereorganizedto theform in (1) using

E1 � Cg � Csγ0

E2 � Cs

A � � G

s1 � s

s2 � s∆γ

The original systemfor this examplehasorder336 (16 wires �
21 nodeseach).We performeda modelorderreductionprocedure
asdescribedin Section2 andobtaineda smallmodelcapturingthe
transferfunctionsfrom oneinput to all outputs.�

I � s� M̂1 = r � ∆γM̂2 = r 	 � v̂ � b̂vin (10)

vout � Ĉv̂ � (11)

where

M̂1 = r � VTM1V � VTA� 1E1V � � VTG � 1 � Cg � Csγ0 	 V
M̂2 = r � VTM2V � VTA� 1E2V � � VTG � 1CsV

b̂ � VTA � 1b

Ĉ � VC 
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Figure 2: Responsesat the end of wir e 4 when a step is ap-
plied at the beginning of the samewir e. Continuous lines are
the responseof the original system(order 336). Small crosses
are the responseof the reducedmodel, order 3 on the left, and
order 6 on the right. The model wasconstructedusing a nom-
inal wir e spacingd0 � 1umand responsesare shown here eval-
uating it at spacings(fr om the lowest curves to the highest)
d � d0 � ∆d � 0  5µm� 1µm� 10µm.

The step responseat the output at the end of the input wire is
shown in Fig 2.acomparingthestepresponsesof theoriginal sys-
tem (continuouslines) anda reducedmodelof orderthree(small
crosses)when the spacingdistanceassumesthe valuesd � d0 �
∆d � 0  5µm� 1µm� 10µm. Themodelwasconstructedusinganomi-
nalspacingd0 � 1µm, hencetheerroris smallestfor d � d0 � 1µm.
Figure2.bshows thesamecomparisonwith areducedmodelof or-
der six. Onecannoticethat the reducedmodelcanbe easilyand
accuratelyusedto evaluatethestepresponseandpropagationdelay
for any valueof parameterd by simplycalculating

∆γ � 1
d � 1

d0

andthenplugginginto thereducedmodel(10). Fromthereduced
model (10) we have readily availablenot only stepresponseson
the samewire, but alsocrosstalkstepresponsesfrom onewire to
all theotherwires.Fig. 3.ashows for instancestepresponsesfrom
theinputof wire 4 to theoutputof wires4, 5, 6 and7. In thisfigure
we compareagainthe responseof the original systemorder 336
(continuescurves)with the responseof a reducedmodelorder10
(smallcrosses)constructedatnominalspacingd0 � 1µm, but eval-
uatedin this particularfigureat spacingd � 0  5µm. Note that the
modelproducedby ourprocedureis parametrizedin thewire spac-
ing, henceanyof suchcrosstalkresponsescanbeevaluatedat any
spacing.For instanceweshow in Fig.3.btheresponseattheoutput
of wire 5 whenastepwaveformis appliedat theinputof wire 4 for
differentspacingvalues,d � d0 � ∆d � 0  5µm� 1µm� 10µm.
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Figure3: On the left: responsesat the endof wir es(fr om high-
est to lowest curve) 4, 5, 6 and 7 when a step is applied at the
beginning of wir e 4. Continuous lines are the responseof the
original system(order 336). Small crossesare the responseof
the reducedmodel (order 10). The model wasconstructedus-
ing a nominal wir e spacingd0 � 1umand responsesare shown
hereevaluating it at spacingd � 0  5µm. On the right: crosstalk
responsesat the end of wir e 5 when a stepis applied at the be-
ginning of wir e 4, for differ ent valuesof spacing(fr om highest
to lowestcurve) d � d0 � ∆d � 0  5µm� 1µm� 10µm.

4.2 Exploiting theadjoint methodfor crosstalk
fr om all inputs to oneoutput

It is possibleto constructwith thesameamountof calculationa
model that provides the susceptibilityof oneoutput to all inputs.
In orderto do this we canuseanadjointmethodandstartfrom an
original systemwhich swapspositionsof C andB andtransposes
all systemmatrices\

I � � s1MT
1 � s2MT

2 	^] v_ � cTv_in (12)

v_out � BT
Mv_ � (13)

In this casethecolumnsof theprojectionoperatorV will spanthe
Krylov subspace

V _ � colspan" cT � MT
1 cT � MT

2 cT � MT
1 MT

1 cT �� MT
1 MT

2 � MT
2 MT

1 	 cT � MT
2 MT

2 cT � $#&%
or generally

V _ � colspan' nq(
m� 0 ) m(

k � 0

Fm
k � MT

1 � MT
2 	 cT *,+`

In Fig. 4 we show the responsesat theendof wire 4 whena step
is appliedat thebeginningof wires4, 5, 6 and7. Themodelwas
constructedusinga nominalwire spacingd0 � 1um. Responsesin
Fig. 4.aarefor d � 0  25µm. Responsesin Fig. 4.barefor d � 2µm.
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Figure 4: Responsesat the end of wir e 4 whena stepis applied
at the beginning of wir es4, 5, 6 and 7 (fr om highest to lowest
curve). Continuous lines are the responseof the original sys-
tem (order 336). Small crossesare the responseof the reduced
model (order 10). The model wasconstructedusing d0 � 1um.
Responseson the left are for d � 0  25µm, and on the right for
d � 2µm.

5. EXAMPLE: BUS MODEL PARAMETRI-
ZED IN BOTH WIRE WIDTH AND SEP-
ARATION

Often when designingan interconnectbus, one would like to
quickly evaluatedesigntrade-offs originatingnot only from differ-
entwire spacings,but alsofor differentwire widths. Wider wires
have lower resistancesbut usemoreareaandhave highercapaci-
tance.Thehighercapacitanceto groundhowever helpsimproving
crosstalkimmunity. Weshow hereaprocedurethatproducessmall
modelsthatcanbeeasilyevaluatedwith respectto propagationde-
lays andcrosstalkperformancefor differentvaluesof the two pa-
rameters:wire spacingd � 1- γ, andwire width W. As in thecase
of wire spacing,we constructedmodelsfor a given nominalwire
width W0, andthenwe parametrizedin termsof perturbations∆W.
Consideringthesamebusexamplewith N parallelwiresdescribed
in Section4, wecanwrite theequationsfor theoriginal largepara-
metrizedlinearsystem

s
�
C_g � W0 � ∆W 	I� Cs � γ0 � ∆γ 	 � v � G_ � W0 � ∆W 	 v � Bvin

vout � Cv

whereC_g � Cg - W0, G_ � G- W0, andCg andG areasdescribedin
Section4. After somealgebraicmanipulationonecanrecognize
a parametrizedlinear systemas in (5) with p � 4 parametersby
defining

E1 � C_gW0 � Csγ0 s1 � s
E2 � Cs s2 � s∆γ
E3 � C_g s3 � s∆W
E4 � G_ s4 � ∆W
A � � G_W0 

Onecanthenfollow theprocedurein Section3 andconstructa
projectionoperatorV. Finally theproducedreducedordermodelis�

I � s� M̂1 = r � ∆γM̂2 = r � ∆WM̂3 	a� ∆WM̂4 � v̂ � b̂vin (14)

vout � Ĉv̂ � (15)

where

M̂1 = r � VTM1V � VTA � 1E1V � � VT � G_W0 	 � 1 � C_gW0 � Csγ0 	 V
M̂2 = r � VTM2V � VTA � 1E1V � � VT � G_W0 	 � 1CsV

M̂3 = r � VTM3V � VTA � 1E1V � � VT � G_W0 	 � 1C_gV
M̂4 = r � VTM4V � VTA � 1E1V � � VT � G_W0 	 � 1G_V � � I

W0

b̂ � VTA � 1b � � VT � G_W0 	 � 1b

Ĉ � VC

In Fig. 5 we comparethestepandcrosstalkresponsesof theorig-
inal systemcomparedto the reducedandparametrizedmodelob-
tainedusingaKrylov subspaceof orderq � 15(nq � 2). Themodel
wasconstructedusinga nominalspacingd0 � 1µm andnominal
wire width W0 � 1µm. The key point is that this parameterized
modelcanbe rapidly evaluatedfor any valueof spacingandwire
width, for instancefor a fast and accuratetrade-off designopti-
mizationprocedure.

6. CONCLUSIONS
In this paperwe describedanapproachfor generatinggeomet-

rically - parameterizedintegrated-circuitinterconnectmodelsthat
areefficient enoughfor usein interconnectsynthesis.The model
generationapproachpresentedisautomatic,andisbasedonamulti-
parametermodel-reductionalgorithm.Theeffectivenessof thetech-
niquewastestedusinga multi-line busexample,wherebothwire
spacingand wire width are consideredas geometricparameters.
Experimentalresultsdemonstratethat thegeneratedmodelsaccu-
ratelypredictbothdelayandcross-talkeffectsoverawiderangeof
spacingandwidth variation,evenwhena very low ordermodelis
used.

Therearemany issuesstill left to address.Themulti-parameter
methodwastestedusingonly resistor-capacitorinterconnectmod-
els,andaccuracy issuesmayarisewheninductanceis included.We
alsodid not investigateusingmultipoint moment-matching,which
seemslike a naturalchoicegiven the rangeof the parametersis
often known a-priori. In addition, the multi-parameterreduction
methodcanbecomequite expensive when the modelhasa large
numberof parameters,sothemethodwouldnotgenerateaveryef-
ficientmodelif eachwire pair spacingin a16 wire buswastreated
individually. Finally, therearesomeinterestingerrorboundsin [5],
andtheseresultscouldbeappliedto automaticallyselectthereduc-
tion order.
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Figure 5: Original system(continuous curves)versus15th or-
der reducedmodel(small crosses)usingboth spacingandwidth
parameters. The nominal wir e spacingwas d0 � 1µm and the
nominal wir e width was W � 1µm. Responsesat the end of
wir e 4 due to a step at the beginning of the same wir e are
show in a) for differ ent widths (fr om highest to lowest curve)
W �b 25µm � 2µm � 4µm � 8µm and for spacing d �b 25µm. In b)
we show the sameresponsesbut for spacingd � 2µm. In c) we
show the crosstalk responseat the end of wir e 5 due to a step
at the beginning of wir e 4. Curvescorrespondto widths (fr om
highestcurveto lowest)W �c 25µm � 2µm � 4µm � 8µm and spacing
is d �d 25µm. In d) we show the samecrosstalk responsesbut
for spacingd � 2µm.
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