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ABSTRACT
Many computation-intensive or recursive applicationscommonlyfound in
digital signalprocessingandimageprocessingapplicationscanbe repre-
sentedby data-flowgraphs(DFGs). In ourpreviouswork, weproposeda
new technique,extendedretiming, which canbecombinedwith minimal
unfolding to transforma DFG into onewhich is rate-optimal.The result,
however, is a DFG with split nodes,a conciserepresentationfor pipelined
schedules.This modelandtheextractionof thepipelinedscheduleit rep-
resentshave heretoforenot beenexplored. In this paper, we demonstrate
oneschedulingalgorithmfor suchgraphs,andthendiscussaway to reduce
the hardware requirementsof the resultingschedule. In the process,we
stateandprove a tight upperboundon theminimumnumberof processors
requiredto executethestaticscheduleproducedby ouralgorithms.Finally,
wedemonstrateourmethodsona specificexample.

Categories and Subject Descriptors
J.6[Computer-Aided Engineering]: Computer-AidedDesign(CAD)

General Terms
Algorithms,Design,Performance,Theory

1. INTRODUCTION
Becausethemosttime-criticalpartsof real-timeor computation-

intensive applicationsare loops,we mustexplore the parallelism
embeddedin therepetitivepatternof aloop. A loopcanbemodeled
asa data-flowgraph (DFG). Thenodesof a DFG representtasks,
while edgesbetweennodesrepresentdata dependenciesamong
tasks.Eachedgemaycontainanumberof delays(i.e. loop-carried
dependencies).Thismodelis widely usedin many fields.

In our previouswork [6–9], we proposedanefficient algorithm,
extendedretiming, whichtransformsaDFGinto anequivalentgraph
with maximumparallelism.Indeed,wehave demonstratedthatex-
tendedretiming,whencombinedwith minimumunfolding,achieves
rateoptimality, the first methodwe areawareof that this canbe
said about. However, the result of extendedretiming is a graph
containingsplit nodes.Indeed,it is a particulartypeof split-node
graphwhich can be scheduledrateoptimally. This is not to say
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thatwe arephysicallyalteringtheDFG by placingregistersinside
of functional units. Rather, we are describingan abstractionfor
a graphwhich providesa feasibleschedulewith loop pipelining.
While thesplit-nodegraphis themostcompactmeansfor express-
ing this schedule,the propertiesof suchgraphsandthe meansby
which they canbemanipulatedandthis pipelinedscheduledrawn
outhavenotbeenexploredin theliterature.Wetakethefirst stepin
thisexplorationin thispaper, exhibiting onemethodfor scheduling
the systemrepresentedby a split-nodegraphandoptimizing it to
executeona minimal numberof processors.

In [6] we demonstratedtheeffectivenessof our extendedretim-
ing transformationvia several experiments.In all cases,we were
able to achieve betterresultsby usingextendedretiming, getting
anoptimalclockperiodwhile requiringlessunfolding.Theuseful-
nessof this new transformationis clear, but interpretingthesplit-
nodegraphthat resultsfrom its applicationstill presentsa prob-
lem. Many schedulingalgorithmsfor standarddata-flow graphs
exist throughoutthe literature[1, 2]. Thereare even many tech-
niquesfor reducingsuchschedulesso that they requirea minimal
numberof processors[3–5]. Theproblemis notnew but themodel
is. In usinga split-nodeDFG to representa situation,we arecon-
veying notonly thatascheduleis to bepipelined,but wearegiving
specificcluesasto howit is to bepipelined.Evenafterweproduce
a schedulewhich obeys the additionalrules regardingpipelining
that the split-nodegraphdictates,mostof the existing scheduling
methodsassumeunlimitedavailableprocessors,anunrealisticsit-
uation.We not only demonstratea schedulingmethodfor our new
model,we thenoptimizetheresultsof our methodto requiremini-
mal hardware.

In thispaper, weformally defineasplit-nodedata-flow graphand
redefinetheterminologyof schedulingto fit thisnew paradigm.We
demonstrateaschedulingalgorithmfor split-nodegraphs,andthen
discussa way to reducethehardwarerequirementsof theresulting
schedule.In theprocess,westateandprovea tight upperboundon
the minimum numberof processorsrequiredto executeour static
schedule.Finally, wedemonstrateourmethodsonaspecificexam-
ple.

2. BACKGROUND
Beforeproceedingto our primaryresults,we first introduceour

basicmodels.We thenreview previously establishedresultsperti-
nentto our task.

In our previous work [6, 8], we definedextendedretiming, a
graphtransformationtechniquewhich minimizesthe iterationpe-
riod of a DFGby redistributingdelaysamongtheedgesandinside
of the nodes.Onemethodfor constructingthe extendedretiming
functionbasedon a DFG’s staticschedulewasproposedin [7,9].
We begin with the scheduledefinedin [1], basedon the DFG’s
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Figure 1: (a) A sample DFG; (b) The DFG schedule for Figure
1(a); (c) Figure 1(a) retimed.

schedulinggraph.(Wewill referto thisalgorithmasDFG schedul-
ing andwill describeit in moredetail later.) We now find the last
nodeof the first iterationto be scheduledandcut the scheduleat
this point. We thenreadtheretimingimmediatelyby countingthe
occurrencesof thenodesto theleft of thecut.

For example,considertheDFGof Figure1(a).Adoptingaclock
periodof

�
andunfolding factorof � , followedby theapplication

of DFG scheduling,resultsin thescheduleof Figure1(b). � is the
lastnodeof thefirst iterationto bescheduledat timestep��� , sowe
cutourdiagramat thispointasshown. To theleft of thecutwesee
onecompletecopy of � , pluspartialcopieshaving times � , � and � .
Whenwe now retimenode� , we passonedelayentirely through
thenode,while theremainingdelaysgetstuckat thesedesignated
positionswithin � . The result is the split-nodegraphof Figure
1(c).

An iteration is simply an executionof all nodesin a data-flow
graph(DFG)once.Theaveragecomputationtimeof aniterationis
calledtheiterationperiodof theDFG.If aDFG � containsa loop,
then this iterationperiod is boundedfrom below by the iteration
bound[10] of � , whichisdenoted	�
���
 andis themaximumtime-
to-delayratio of all cyclesin � . For example,therearetwo loops
in Figure 1(a): the outer ����	�������� loop with total
computationtime ��� anddelaycount� ; andthe 	�������	 loop
with time � anddelaycount � . The larger of theseratioscomes
from the outer loop, andso 	�
���
���� in this case. In fact, the
scheduleof Figure1(b)achievesthisminimal iterationperiod,with� iterationsbeingscheduledevery ��� timesteps.Whentheiteration
periodof the scheduleequalsthe iterationboundof the DFG (as
happenshere),we saythatthescheduleis rate-optimal. Clearly, if
we have a legal schedulefor � with cycle period ! andunfolding
factor " , its iterationperiodis #$ , andsince	%
���
 is a lower bound
for theiterationperiod,we musthave 	�
���
'&(#$ .

We can now define a split-nodedata-flow graph (SDG) with
splitting degree ) to be a finite, directed,weightedgraph �*�+-,/.10%.123.1465

where:

1.
,

is a vertex set;

2.
0879,;:<,

is theedgeset,representingprecedencerelations

amongthenodes;

3.
2%=>0 � Z is a functionwith

2 
@?A
 thedelaycountfor edge? ;
4.
4B=C, � Z D is a functionwith the ) -tuple

4 
@EF
 representing
thecomputationtimesof E ’spieces.

Broadly speaking,) is the maximumnumberof piecesany node
of � is split into. If a node E is not split

4 
@EF
 is an integer rather
thana ) -tuple. For example,in the SDG of Figure1(c),

4 
@�B
��
-� . � .HGI. �J
 while
4 
@	%
C� 4 
���
C�9� . Wewill usethenotationKL
@MN


to referto thesumof theelementsof M ’s ) -tupleif M is split andto4 
@MO
 otherwise.In thisexample,KL
@�P
N����Q andK�
@	%
N�RKL
���
'�� .
In our model,delaysmay be containedeitheralongan edgeor

within a node. Delayscontainedalongan edgerepresentprece-
dencerelationsacrossiterations;for example,the one-delayedge
between	 and � in Figure1(c) indicatesthattheexecutionof 	 in
thecurrentiterationmustterminatebefore � canbegin in thenext
iteration. On the otherhand,delayswithin a nodeconvey infor-
mationregardingthepipelinedexecutionof a node.For example,
the threedelaysinsideof � tell us thatup to � copiesof thenode
maybeexecutingsimultaneouslyin a pipelinedscheduleof tasks.
Furthermore,thepositionof thedelaysinsideof anodeindicatethe
form of thescheduleof tasksfor a graph.For example,onesched-
ule for theSDGof Figure1(c) appearsin Figure2. As we cansee,
thefirst iterationcontainsthebeginningof � ’s first copy; thenext
iterationincludesonly the partof this copy taking � time units to
execute;thenext iterationlastsonly

G
time unitsto matchthenext

partof thecopy; andthenext iterationincludestheremainingpiece
of � ’sfirst copy. After that,we schedulethecopiesof 	 and � as
bestwe canaroundthebordersof the iterations,makingsurethat
thecopy of 	 in this iterationprecedesthecopy of � in thenext
iteration,andthatthecurrentcopy of � startsuponterminationof
thecurrentcopy of � .
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Figure 2: One schedule for Figure 1(c).

Given an edge?S�T
@M . EF
 in a SDG � , we will usethe tradi-
tional notation

2 
@?A
 to refer to the numberof delayson the edge
not including delayswithin endnodes.We will use

2 
@MU�VEF
 to
denotethe total numberof delaysalonganedge,includingdelays
containedwithin theendnodes.Wewill furtherdefine

2FW 
@MX��EF

as
2 
@?A
 plus the numberof delayswithin the sourcenode M , and2/Y 
@MT�ZEF
 as

2 
@?A
 plus the numberof delayswithin the sink
nodeE . Referringto Figure1(c), we observe that

2 W 
@�[�\	�
]�2 
@�8�^	%
]� G while
2 Y 
@�[�^	%
_� 2 
@?A
_�`Q for ?a�b
@� . 	�
 .

It is easyto seethat
2 
@M;��EF
C� 2 W 
@M;��EF
�c 2 Y 
@M;��EF
Id 2 
@?A


for any edge?B��
@M . EF
 .
An integral time scheduleor integral scheduleis a function e =,�:

N � Z wherethe starting time of node E in the f�gih iteration
is given by e6
@E . f�
 . It is a legal schedule if ej
@M . f�
kclKL
@MN
m&e6
@E . f<c 2 W 
@Mn�oEF
-
 for all edges?U��
@M . EF
 and iterations f ,
while a legal scheduleis a repeatingschedulefor cycleperiod !



and unfoldingfactor " if e6
@E . fpc9"q
L��ej
@E . fr
CcR! for all nodesE ands iterationsf . Sucha schedulecanbe representedby its first" iterations,sincea new occurrenceof this partialschedulecanbe
startedat the beginning of every interval of ! clock ticks to form
thecompletelegalschedule.

Givena DFG � without split nodes,a clock period! andanun-
folding factor " , weconstructtheschedulinggraph �utp� +-,O.v0�.vwP.x4H5
by reweighting eachedge ?y��
@M . EF
 accordingto the formulaw 
@?A
z� 2 
@?A
<d $

#�{
4 
@MO
 . We then further alter � t by adding

a node E}| andzero-weightdirectededgesfrom EA| to every other
nodein � . We then let e>~}
@EF
 be the lengthof the shortestpath
from EA| to E in �ut for every node E . It wasdemonstratedin [1]
that, if 	�
���
�& #$ for a givencycle period ! andunfoldingfactor

" , thenthefunction �N
@E . f�
�� #$ 
@fNd�ej~�
@EF
-
 for all nodesE and

positive integers f is a legal, integral, repeatingschedule.In fact,
this is themethodusedto constructtheschedulein Figure1(b).

Given a setof processors� , a processorassignmentor assign-
mentis a function � =q,�: N ��� wherenodeE in iterationf is exe-
cutedusingprocessor��
@E . fr
 . An assignmentwith unfoldingfactor" is static (with its correspondingtime schedulea staticschedule)
if ��
@E . f�c�"q
u����
@E . f�
 for every iteration f . Finally, we canim-
plementa staticscheduleusingoneof two designstyles. If two
copiesof a nodecannotbein executionsimultaneously, thesched-
ule follows a non-pipelinedimplementation. This createsan im-
plicit precedencerelationbetweenconsecutive copiesof thesame
node,insuringthat thefirst copy stopsbeforethesucceedingcopy
begins. If no suchrestrictionis placedon the schedule,it is said
to follow a pipelinedimplementation. As eludedto earlier, we will
assumetheuseof pipeliningthroughoutthispaper.

3. RESOURCE MINIMIZATION
Having outlineda methodby which thenodesof a SDGmaybe

scheduled,we now explore theproblemof assigningthemto pro-
cessorsfor execution. The simplestmethodis to staticallyassign
dedicatedprocessors, whereafunctionalunit executesiterationsof
oneandonly onenodefrom theschedule.Dueto pipelining, it is
necessaryto assignmultiple processorsto a singlenodein orderto
handleoverlappingiterations.We maythenaskexactly how many
processorsarerequiredundertheserules:

THEOREM 3.1. Let ��� +-,O.10%.123.14H5
be a data-flow graph.

Giventhe static repeatingintegral schedule � from above having
clock period ! andunfoldingfactor " , executionof all iterationsof
node E maybe completedusing

$
# { KL
@EF
 dedicatedprocessors

for each E%� , .

PROOF. Iterationsf andfAc�� of nodeE canshareoneprocessor
if andonly if �N
@E . f�
'cmKL
@EF
�&[�N
@E . f'c��A
 , which by definition
occursif andonly if

! " 
@fCdSej~�
@EF
-
 c;KL
@EF
C& !" 
@fNc��udSej~�
@EF
-
 �
SinceKL
@EF
 is integral,thisisequivalentto #$ 
@fNd�ej~�
@EF
-
3c #��$ d
#$ 
@fCdSej~�
@EF
-
3c;KL
@EF
 ��Q , which happensif andonly if #��$ d
KL
@EF
'��d�� and �P� $ # 
@KL
@EF
�dS�J
 .

Wenow have two cases.First supposethat
$
# 
@K�
@EF
FdR�J
 is inte-

gral. Clearly
$
# 
@KL
@EF
Ad���
C�

$
# { KL
@EF
'&

$
# { KL
@EF
 . Ontheother

hand,
$
#�{ KL
@EF
 �

$
# 
@KL
@EF
�dS��
3c

$
# & $ # 
@K�
@EF
rd���
�c�� since

Q%��"%�m! by assumption.Therefore
$
# { KL
@EF
 is thesmallestin-

tegerstrictly greaterthan
$
# 
@KL
@EF
>da�J
 andsois theminimumnum-

berof processorsrequiredto executeall iterationsof E . Otherwise$
# 
@KL
@EF
NdU��
 is not integral andwe needat least

$
# 
@KL
@EF
3d��J


processors,which is alsoboundedabove by
$
#u{ KL
@EF
 .

In any case,if �n� $
#�{ KL
@EF
 , we have demonstratedabove

that oneprocessoris adequatefor executing E | , E}� , E  � , andso
on; thesameprocessorcanbeassignedto EF� , E � W � , E  � W � , etc.;...;
andoneprocessorfor E}� Y � , E  � Y � , E}��� Y � , andsoforth. Thusall
iterationsof nodeE maybeexecutedusingonly � processors.

For instance,considertheexampleof Figure1(c) againwith clock
period

�
andunfoldingfactor � . By this result,we require

 |� �G
dedicatedprocessorsfor � and � � �9� dedicatedprocessorfor

eachof 	 and � . In fact,our schedulefor Figure1(c) reserved �
processorsfor execution,onefor each“row” of theschedule.How-
ever, this maybeanoverestimate.For example,in thescheduleof
Figure2, thereis no compellingreasonwhy someiterationsof 	
and � cannotsharea processor, thuspossiblyreducingthe hard-
ware cost neededto implementour final schedule. We are now
readyto explore this questionof systematicallystudyinga given
staticschedulein anattemptto produceaprocessorassignmentus-
ing undedicatedprocessorsandrequiringminimal hardware.

Ourprocessorassignmentmethodis basedontheideasfrom [3],
althoughweimproveontheir ideaby consideringrationalaswellas
integral iterationperiodsandfill certainlogicalgaps.Givenaclock
period! , wefirst dividetimeinto segments, eachcontaining! clock
ticks. Segment� lastsfrom timestepQ until timestep! , segment�
from ! to �r! , andin generalsegment� lastsfrom timestep
���d���
 { !until timestep� { ! . Wethenunfoldnodes,dividing thefirst " copies
of eachnodein ourschedulesothatthepiecesaresmallenoughto
fit into onesegment,where " is ourgivenunfoldingfactor. Weuse
anunfoldingmethodsimilar to thatof [4,5], simplifying their cal-
culationsby assumingthatall nodesbegin executionat leastonce
during the first segmentof our schedule.In generalwe have two
cases.

1. If a nodeE is smallenoughto begin andcompleteexecution
of its zerothiterationduringthefirst segmentof theschedule,
it remainsin onepiece.Wesimplypassits startingandcom-
putationtimesto the next stageof our methodas ��
@EF
 and� 
@EF
 , respectively. We alsomark it ashaving no preceding
piece(�F
@EF
C� NIL).

2. Otherwisethenodeoverlapssegmentsandmustbe divided
into parts. Thefirst part, thehead, is assignedat theendof
thesegmentandincludesthefirst partof thenodewhichex-
ecutesuntil theendof thefirst segment. (It thusinheritsits
startingtime from the original nodeandhasa computation
time of theclock periodminusthestarttime.) Next arethe
body sectionswhich spanentiresubsequentsegments. Fi-
nally, the tail is assignedat thebeginningof a segmentand
completesexecutionof theoriginal nodefollowing all body
sections.In all cases,weassign�v
@MO
 to identify whattypeof
nodepieceM is. We alsoassigntheidentity of thepreceding
pieceto �F
@MN
 .

Sincethepieceswe arecreatingmustreferbackto their matching
nodefrom the original schedule,we use �> J¡F
@MO
 and !r�J�I¢3
@MN
 to
identify thesourceanditeration,respectively, in thecaseof HEAD
or wholenodes.This entireprocedureappearsasAlgorithm 1.

As an example,considerthe schedulefrom Figure2. The first
two iterationsof both	 and � beginandcompleteexecutionwithin
the first

�
time steps,so are passedon to the next stageof our



Algorithm 1 Folding theverticesof a split-nodegraph

Input:£ A SDG ��� +-,O.v0�.v23.1465 , a schedule� for � having clock
period ! andunfoldingfactor "

Output: A setof foldedvertices¤¥X¦m§
/*
¥

is thesetof foldednodes*/
for all ¨F©�ª do

for « ¦X¬ to ­}®P¯ do° ¦�±J²�³ ¨v´¶µO· ³ ¨H¸ « ´¹ º ®�» · ³ ¨H¸ « ´¹(¼¥z¦½¥B¾}¿ ¨ « ¬ ¸i¨ «À¯ ¸�Á Á Á ¸i¨ « ³ ° ®N¯¶´�Â
if °PÃ ¯ thenÄ ³ ¨ « ¬ ´ ¦ ²�³ ¨v´ /* Computationtime */Å ³ ¨ « ¬ ´ ¦ · ³ ¨H¸v« ´ /* Starttime */Æ ³ ¨ « ¬ ´ ¦ NIL /* Precedingpieceof foldednode*/Ç ³ ¨ « ¬ ´ ¦ NIL /* Identification;head,body, tail or none?*/ÈvÉ-Ê ³ ¨ « ¬ ´ ¦ ¨ /* Correspondingoriginalnodefrom ª */¹vÈiËrÌ ³ ¨ « ¬ ´ ¦ « /* Iterationof originalnode*/
elseÄ ³ ¨ « ¬ ´ ¦ ¹ ®B· ³ ¨H¸v« ´Å ³ ¨ « ¬ ´ ¦ · ³ ¨H¸v« ´Æ ³ ¨ « ¬ ´ ¦ NILÇ ³ ¨ « ¬ ´ ¦ HEADÈvÉ-Ê ³ ¨ « ¬ ´ ¦ ¨¹vÈiËrÌ ³ ¨ « ¬ ´ ¦ «

for Í ¦ ¯ to ° ®kÎ doÄ ³ ¨ «ÏÍ ´ ¦ ¹Å ³ ¨ «ÐÍ ´ ¦;¬Æ ³ ¨ «ÐÍ ´ ¦ ¨ « ³ Íi®N¯Ð´Ç ³ ¨ «ÏÍ ´ ¦ BODYÈ1É�Ê ³ ¨ «ÏÍ ´ ¦ NIL¹vÈiËrÌ ³ ¨ «ÏÍ ´ ¦ NIL

end forÄ ³ ¨ « ³ ° ®N¯Ð´ ´ ¦ ²q³ ¨v´I® Ä ³ ¨ « ¬ ´�® ¹jÑ ³ ° ®�Îx´Å ³ ¨ « ³ ° ®N¯¶´ ´ ¦X¬Æ ³ ¨ « ³ ° ®N¯¶´ ´ ¦ ¨ « ³ ° ®�Î1´Ç ³ ¨ « ³ ° ®N¯Ð´ ´ ¦ TAILÈvÉ-Ê ³ ¨ « ³ ° ®N¯Ð´ ´ ¦ NIL¹vÈiËrÌ ³ ¨ « ³ ° ®N¯Ð´ ´ ¦ NIL

end if
end for

end for

methodasthey are. On theotherhand,theexecutionof �B| spans
thefirst two segments,somustbedividedinto � pieces.TheHEAD
sectionexecutesfrom time step � until time step

�
andthe TAIL

from
�

to �J� . Similarly, theexecutionof � � is dividedinto
G

pieces,
with theHEAD sectionexecutingfrom time step � until time step�
, the BODY sectionfrom

�
to ��� , andthe TAIL from ��� to ��� .

The resultsof applyingAlgorithm 1 to thesenodes,aswell asa
summaryof their propertiesfrom the original schedule,aregiven
in Table1.

We next identify piecesthat canbe scheduledback-to-backon
the sameprocessorby creatingindependentlists of folded node
pieces.We first sortour nodes,usingstartingtime asthefirst key
and “subscript” as the second. (In other words, if startingtimes
areall equal,theHEAD of a nodehashigherpriority thanany of
theBODY pieces,all of whichhavehigherpriority thantheTAIL.)
If a nodedrawn from this sortedlist hasstartingtime zero,a new

¨ ²q³ ¨1´ « · ³ ¨6¸v« ´ ° Å Ä Æ Ç ÈvÉ-Ê ¹1ÈÀËÒÌÓ
10 0 2 2

Ó ¬x¬ 2 5 NIL HEAD
Ó

0Ó ¬ ¯ 0 5
Ó ¬x¬ TAIL NIL NIL

1 5 3
Ó ¯ ¬ 5 2 NIL HEAD

Ó
1Ó ¯x¯ 0 7

Ó ¯ ¬ BODY NIL NILÓ ¯¶Î 0 1
Ó ¯x¯ TAIL NIL NILÔ

2 0 1 1
Ô ¬x¬ 1 2 NIL NIL

Ô
0

1 5 1
Ô ¯ ¬ 5 2 NIL NIL

Ô
1Õ

2 0 0 1
Õ ¬x¬ 0 2 NIL NIL

Õ
0

1 3 1
Õ ¯ ¬ 3 2 NIL NIL

Õ
1

Table 1: Results from Algorithm 1 for the schedule of Figure 2.

Algorithm 2 Createindependentlists from foldednodes
Input: A setof foldednodes¤ andclock period!
Output: Independentlistsof foldedvertices

/* Priority queueof vertices,orderedby Å valuesfirst, subscriptsecond.*/Ö ¦z§
for all ¨3© ¥ do× ³ ¨v´ ¦ NIL

enqueue(¨H¸ Ö )
end for
/* Stackof indep.proc. listsunassignedfrom timestep « forward*/
for « ¦ ¯ to ¹ do

avail[ « ] ¦z§
end forØ ¦;¬

/* numberof indep.lists */
for « ¦ ¯ to Ù ¥ Ù doÚ ¦ dequeue(

Ö
)

if Å ³ Ú ´ Ã ¬ thenØ ¦ Ø µP¯
list[
Ø
]
¦ Ú

if Æ ³ Ú ´/ÛÃ NIL and × ³ Æ ³ Ú ´Ü´ Ã NIL then× ³ Æ ³ Ú ´¶´ ¦ Ø
end if
pushlist[

Ø
] ontoavail[ Ä ³ Ú ´ ]

else
if avail[ Å ³ Ú ´ ] ÛÃ § then

poplist[ Í ] from avail[ Å ³ Ú ´ ] /* if indep.list canhold Ú addit to list */
list[ Í ] ¦ list[ Í ] ¾ ¿ Ú Â
pushlist[ Í ] ontoavail[ Å ³ Ú ´>µ Ä ³ Ú ´ ]

elseØ ¦ Ø µ�¯ /* otherwiseneeda new list */
list[
Ø
]
¦ Ú

pushlist[
Ø
] ontoavail[ Å ³ Ú ´Jµ Ä ³ Ú ´ ]

end if
end if

end for
for « ¦ ¯ to

Ø
do

for all Ú © list[ « ] do
if Å ³ Ú ´Jµ Ä ³ Ú ´ Ãa¹ thenÝvÚ>¹1¹ ³ « ´ ¦ × ³ Ú ´
end ifÞÒß1à�á ³ « ´ ¦ ÞHß1à�á ³ « ´ or ( Ç ³ Ú ´ Ã HEAD)â È á Ì ³ « ´ ¦ â È á Ì ³ « ´ or ( Ç ³ Ú ´ Ã BODY)ã à «Üä ³ « ´ ¦ ã à «Üä ³ « ´ or ( Ç ³ Ú ´ Ã TAIL)

end for

end for

list is createdwhich containsonly this node. In this case,we also
markits precedingpiecewith thenumberof thecurrentlist sothat
lists containingpiecesfrom the sameoriginal nodecanbe placed
in properorderlater. (In our algorithm,this stepis accomplished
by assigninga å valueto any nodewhich is discoveredto be the� valueof a piecewe areassigningto a list.) On the otherhand,
if a nodefrom the list hasa non-zerostartingtime, we examine
all of our previous lists to seeif one is unoccupiedat the given
startingtime. If sucha list is found,we addthecurrentnodeto it.
Otherwise,we muststarta new list to accommodatethis node.At
the end,we examineall independentlists. If the last nodeadded
to a list hasa non-NIL å value,we set the e�Mq!r! valueof the list
equalto this,thusidentifyingthelist whichmustfollow thecurrent
onewhenassigninglists to aprocessor. Wealsorecordwhetherthe
currentlist containsHEAD, BODY or TAIL piecesfor usein the
next stepof our method.All of this is accomplishedby Algorithm
2 below.

We resumeour examplewith thedatain Table1, which yieldsa
priority queueof æ���|Ò� . �ç�-� . �ç�  . �p|-| . 	�|-| . �B|-| . ���v| . �ç�v| . 	ç�v|Jè .
Thefirst four itemsareassignedto é@fre 4Òê ��ë throughé@fre 4Òê ��ë , respec-
tively, with notesmadethat é@fre 4Hê ��ë is available pasttime step � ,é@fre 4HêÐG ë paststep � and é@fre 4Hê ��ë paststep � . In the process,we dis-
cover threeof thenodes(� |Ò� , � �-� and � �  ) with non-NIL � val-
ues,somustsettheappropriateå values.In this case,åì
@�B|-|H
_���
since�F
@� |Ò� 
'�S� |-| and� |Ò� wasaddedto é@fre 4Hê ��ë , while åì
@� �v| 
'�� andåì
@�a�-�r
C� G for similar reasons.Whenwe pop 	B|-| from the
queueanddiscover it hasstartingtime � , weaddit to é@fre 4HêÐG ë rather
thanbegin a new list becauseof our noteregardingthat list. We
continuein this fashion,eventuallyarriving at the list assignments
picturedin Figure3(a). We next review the four lists andassign
non-NIL e�Mq!Ò! valuesto é@fre 4Hê ��ë , éífÒe 4Òê ��ë and é@fre 4Hê ��ë sincetheselists
containthenodeswith non-NIL å values.Finally, we notewhether
any list containsHEAD, BODY or TAIL nodes.Thesevaluesthat
we have derivedaresummarizedin Figure3(b).
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e�Mq!r! ~J?jî 2 ï � 2 ¢ 4 îðfié
é@fre 4Hê ��ë 2 TRUE FALSE TRUEé@fre 4Hê ��ë 3 FALSE TRUE FALSEé@fre 4HêÐG ë NIL FALSE FALSE TRUEé@fre 4Hê �Jë 1 TRUE FALSE FALSE

(b)

Figure 3: Results of Algorithm 2 applied to the data from Table
1: (a) the independent lists; (b) the lists’ data values

We next take our independentlists andusethemto make anini-
tial processorassignment.We first split the lists into two groups,
thosewhichcontainBODY or TAIL piecesandthosethatdonot. If
possible,weselectalist withoutsuchpiecesandassignit to thefirst
availableprocessor. If this list containsa HEAD or BODY node,
we know that thereis anotherlist which mustbe assignedto the
sameprocessorimmediatelyfollowing our currentlist, sowe find
thisnew list andaddit to thecurrentgroup.Simultaneously, wein-
crementourunfoldingfactorto accountfor pipelining.Wehaveas-
sumedthatthezerothiterationof all nodesbeginsexecutionduring
thefirst clock segment. Therefore,if our first contactwith a node
in this partof our proceduretakesplaceduringa subsequentclock
segment,we know that the noderepresentsa later iteration. This
incrementedunfoldingfactorhelpsuskeeptrackof which copy of
a nodewe areactuallyplacing. Finally, after completinga group
of lists, we incrementtheprocessorcountby the unfolding factor
to accountfor pipelining,sothatthenext groupmaybeassignedto
thecorrectnew processor. This procedureappearsasAlgorithm 3
below.

For example,applythismethodto thedatafrom Figures3(a)and
3(b). Our queueof lists without BODY or TAIL sectionsis æ��Fè ,
while all other lists arein the otherqueue.With no otherchoice,
webegin by assigningé@fre 4Hê ��ë to thefirst processor. Thusthezeroth
iterationsof �p| and�B| arescheduledto executehere.The e�Mq!Ò! of
this list is � , soweremove this list from ourotherqueue,increment
theunfoldingfactorto � , andschedulethenew list’s executionon
processoroneduring the secondtime segment. This list contains
theHEAD of �ç� , sowe schedulethefirst iteration(dueto theun-
folding factor)of thisnodeto executeonourprocessor. Weproceed
asbefore,incrementingtheunfoldingfactor(to � ) andloadingthe
successorto é@fre 4Hê ��ë , namely é@fre 4Hê ��ë . Sincethis new list contains
only theBODY of � � no valuesarealtered.Finally, we increment
theunfolding factorandprocessthis list’s successor, é@fre 4ÒêÐG ë . This
new list containstheonly copiesof 	 | , � � and	 � , sothesenodes
arescheduledfor processoroneduringtheir third iteration(which
correspondto nodes	Pñ , � � and 	 � , respectively, of the original

Algorithm 3 Useindependentlists to assignprocessors

Input: Setof ò independentlists
Output: A processorassignmentfor iterationzeroÖ ¦z§

/* Sortedlist of unproc.listsw/o bodyor tail */ó<¦z§
/* Sortedlist of all otherunproc.lists */

for « ¦ ¯ to
Ø

doËrÉ�È�¹ ³ « ´ ¦ FALSE /* Setall listsunproc.*/
if
â È á Ì ³ « ´ Ã FALSE and

ã à «Üä ³ « ´ Ã FALSE thenÖ ¦ Ö ¾}¿ « Â
elseó<¦�ó3¾}¿ « Â
end if

end forË ¦�¬ /* Numberof processors*/
while TRUE do

if
Ö ÛÃ § or

ó ÛÃ § thenË ¦ Ë µB¯ /* If ô unproc.list incrementË */
else

stop /* Otherwisehalt */
end if
if
Ö ÛÃ § thenä ¦ first elementof

Ö
/* Selectlist w/o bodyor tail if youcan*/

elseä ¦ first elementof
ó

end if¹iÚ6ÉxÉ ßvõ ã ¦m§ /* currentschedulepieceandits unfoldingfactor*/­ ¦;¬
while ËrÉ�È�¹ ³ ä ´ Ã FALSE doËrÉ�Èx¹ ³ ä ´ ¦ TRUE¹ÀÚ6É�É ßiõ ã ¦ ¹iÚ6É�É ßvõ ã ¾ list[ ä ]

for all Ú © list[ ä ] do
if Ç ³ Ú ´ Ã NIL or Ç ³ Ú ´ Ã HEAD thenÚ õ « ã ³ Ú ´ ¦ Ë /* Assignproc. Ë to node Ú iter. ­ */« ã ß É ³ Ú ´ ¦ ­
end if

end for
if
ÞHßvàrá ³ ä ´ Ã TRUE or

â È á Ì ³ ä ´ Ã TRUE thenã ¦ ä /* Selectlist containingbodyor tail following currentlist */ä ¦ Ý1Ú>¹v¹ ³ ã ´
if
â È á Ì ³ ä ´ Ã TRUE or

ã à «Üä ³ ä ´ Ã TRUE then
if äH© ó then remove ä from

ó
end if

else
if äH© Ö then remove ä from

Ö
end if

end if­ ¦ ­ðµ�¯ /* For eachnew appendedlist incrementunfoldingfactor*/
end if

end while
for all Ú © ¹iÚ6ÉxÉ ßvõ ã do

if Ç ³ Ú ´ Ã NIL or Ç ³ Ú ´ Ã HEAD thenÚ õ ­ È ä á ³ Ú ´ ¦ ­ /* Assignunf. factorto all schedulednodes*/
end if

end forË ¦ Ë µ�­
end while

schedule).Thequeuesarenow bothemptyandevery nodein our
graphhasbeenscheduledto executeonthesameprocessoratvary-
ing points in time. We finish by assigningall nodesan Mq��"��Jé 2
valueof

G
, leaving uswith thevaluesfor eachnodelistedin Table

2.
Finally, wemustpropagatethisinitial processorassignmentthrough-

out the remainingiterationsof our nodes.In Algorithm 3, we as-
signedaprocessorfor adesignatediterationof eachnode.Wealso
recordedanunfoldingfactor, telling usthat Mq��"��Jé 2 
@MN
/cS� copies
of this particularnode M are in the pipelinesimultaneously. It is
now a simple task to assignthe Mq��"��>é 2 
@MN
]cb� copiesof nodeM to the processorswe reserved for thesetasks,then repeatthis
assignmentstaticallyto infinity, thuscompletingour processoras-
signment.Thisfinal stepis summarizedin Algorithm 4.

Mq�Ff 4 f 4 ?j  Mq��"��Jé 2
� |-| 1 0 3� �v| 1 1 3	 |-| 1 3 3	a�v| 1 3 3�p|-| 1 0 3���v| 1 3 3

Table 2: The output from applying Algorithm 3 to the data in
Figures 3(a) and 3(b).



B 7C7B 6A 3C0 A 0
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Figure 4: Final processor-optimal schedule for example.

Algorithm 4 Expanditer. zeroproc.assignmentto completeproc.
assignment
Input: Setof foldednodes¤ with assignedvaluesandunfolding

factor "
Output: A completeprocessorassignment

for all Ú © ¥ with Ç ³ Ú ´ Ã NIL or Ç ³ Ú ´ Ã HEAD do
for « ¦X¬ to ­}®P¯ doö ¦ ­ Ñ «�µ ¹vÈiËrÌ ³ Ú ´

for Í ¦X¬ to Ú õ ­ È ä á ³ Ú ´ do÷ ³ ÈvÉ-Ê ³ Ú ´�¸ ö µ ³¶³ « ã ß É ³ Ú ´Iµ�Í@´NøFù�ú ³ Ú õ ­ È ä á ³ Ú ´Jµ�¯Ð´Ü´¶´¦ Ú õ « ã ³ Ú ´Jµ�Í
end for

end for
/* Repeatfirst few iters. to infinity */
for all «>û ¬ do÷ ³ È1É-Ê ³ Ú ´-¸1«�µL­ Ñ ³ Ú õ ­ È ä á ³ Ú ´Jµ�¯Ð´Ü´ ¦`÷ ³ ÈvÉ-Ê ³ Ú ´�¸x« ´
end for

end for

We now completeour example,usingthevaluesfrom Figure2.
Dueto our unfoldingfactors,we require� processorsto complete
our schedule.We seefrom Table2 that the first iterationof � �
(i.e., � � ) is assignedto processor� . Workingbackward,thismeans
that the initial iterationof thenode(� � ) is placedon processor� .
Also, theseconditeration �Bü is assignedto processor� , the third
to processor

G
, thefourthto processor� , andsoon. Similarly, if the

third iterationof 	B| (really 	 ñ ) is assignedto the first processor,
we work backwardto assigntheseconditeration(	 � ) to processor� , thefirst iteration(	  ) to processor

G
, andthezerothiterationto

processor� . We do the exact samething to assignthe iterations
of 	 � and � � . Finally, the remainingnodesall have their zeroth
iterationsscheduledfor processor� , so it is easyto work forward
andcompleteour processorassignment.We thusderive the final
time- andprocessor-optimalscheduleseenin Figure4.

4. CONCLUSION
In this paper, we have formally defineda split-nodedata-flow

graphandredefinedthe terminologyof schedulingto fit this new
paradigm. We have exhibited oneschedulingalgorithmfor split-
nodegraphs,andthendiscusseda way to reducethehardwarere-
quirementsof theresultingschedule.In theprocess,we statedand
proveda tight upperboundon theminimumnumberof processors
requiredto executethestaticscheduleproducedby ouralgorithms.
Finally, wehavedemonstratedourmethodsonaspecificexample.
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