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ABSTRACT

Mary computation-intenge or recursve applicationscommonlyfoundin
digital signal processingandimageprocessingapplicationscanbe repre-
sentedby data-flowgraphs(DFGs). In our previouswork, we proposeda
new techniquegextendedretiming which canbe combinedwith minimal
unfolding to transforma DFG into onewhich is rate-optimal. The result,
however, is a DFG with split nodes,a conciserepresentatioffor pipelined
schedules.This modelandthe extraction of the pipelinedschedulat rep-
resentshave heretoforenot beenexplored. In this paper we demonstrate
oneschedulingalgorithmfor suchgraphsandthendiscussaway to reduce
the hardware requirementf the resultingschedule. In the processwe
stateandprove a tight upperboundon the minimum numberof processors
requiredto executethe staticschedulgroduceddy our algorithms.Finally,
we demonstrat®ur methodson a specificexample.

Categories and Subject Descriptors

J.6[Computer-Aided Engineering]: ComputerAided Design(CAD)

General Terms
Algorithms, Design,PerformanceTheory

1. INTRODUCTION

Because¢hemosttime-criticalpartsof real-timeor computation-
intensie applicationsare loops, we mustexplore the parallelism
embeddedh therepetitve patternof aloop. A loop canbemodeled
asa data-flowgraph (DFG). The nodesof a DFG representasks,
while edgesbetweennodesrepresentdata dependenciesmong
tasks.Eachedgemaycontaina numberof delays(i.e. loop-carried
dependencies)his modelis widely usedin mary fields.

In our previouswork [6-9], we proposedan efficient algorithm,
extendedetiming whichtransforma DFGinto anequivalentgraph
with maximumparallelism.Indeed we have demonstratethatex-
tendedetiming,whencombinedwvith minimumunfolding,achiezes
rate optimality, the first methodwe are aware of that this canbe
said about. However, the resultof extendedretiming is a graph
containingsplit nodes.Indeed,it is a particulartype of split-node
graphwhich can be scheduledrate optimally. This is not to say
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thatwe arephysicallyalteringthe DFG by placingregistersinside
of functional units. Rather we are describingan abstractionfor
a graphwhich provides a feasibleschedulewith loop pipelining.
While the split-nodegraphis the mostcompactmeansor express-
ing this schedulethe propertiesof suchgraphsandthe meansby
which they canbe manipulatedandthis pipelinedscheduledravn
outhave notbeenexploredin theliterature.We take thefirst stepin
this explorationin this papey exhibiting onemethodfor scheduling
the systemrepresentedby a split-nodegraphandoptimizing it to
executeon a minimal numberof processors.

In [6] we demonstratethe effectivenesof our extendedretim-
ing transformatiorvia several experiments.In all caseswe were
ableto achieve betterresultsby using extendedretiming, getting
anoptimalclock periodwhile requiringlessunfolding. The useful-
nessof this new transformationis clear but interpretingthe split-
nodegraphthat resultsfrom its applicationstill presentsa prob-
lem. Mary schedulingalgorithmsfor standarddata-flav graphs
exist throughoutthe literature[1, 2]. Thereare even mary tech-
niquesfor reducingsuchscheduleso thatthey requirea minimal
numberof processor§3-5]. Theproblemis not new but themodel
is. In usinga split-nodeDFG to represent situation,we arecon-
veying notonly thataschedulés to be pipelined,but we aregiving
specificcluesasto howit is to bepipelined.Evenafterwe produce
a schedulewhich obeys the additionalrules regarding pipelining
thatthe split-nodegraphdictates,mostof the existing scheduling
methodsassumaunlimited available processorsan unrealisticsit-
uation. We not only demonstrate schedulingmethodfor our new
model,we thenoptimizethe resultsof our methodto requiremini-
mal hardvare.

In this paperweformally defineasplit-nodedata-flav graphand
redefingheterminologyof schedulingo fit thisnew paradigm.We
demonstrata schedulingalgorithmfor split-nodegraphsandthen
discussaway to reducethe hardwarerequirementsf theresulting
scheduleln theprocessye stateandprove atight upperboundon
the minimum numberof processorsequiredto executeour static
scheduleFinally, we demonstrateur methodson a specificexam-

ple.

2. BACKGROUND

Beforeproceedingo our primary results,we first introduceour
basicmodels.We thenreview previously establishedesultsperti-
nentto our task.

In our previous work [6, 8], we definedextendedretiming a
graphtransformatiortechniquewhich minimizesthe iterationpe-
riod of a DFG by redistrituting delaysamongthe edgesandinside
of the nodes. Onemethodfor constructingthe extendedretiming
function basedon a DFG's staticschedulevasproposedn [7, 9].
We begin with the scheduledefinedin [1], basedon the DFG’s
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Figure 1: (a) A sample DFG; (b) The DFG schedule for Figure
1(a); (c) Figure 1(a) retimed.

schedulinggraph.(We will referto this algorithmasDFG sdchedul-
ing andwill describeit in moredetail later) We now find the last
nodeof thefirst iterationto be scheduledand cut the scheduleat
this point. We thenreadthe retimingimmediatelyby countingthe
occurrencesf thenodedo theleft of thecut.

For example,considetthe DFG of Figurel(a). Adoptingaclock
periodof 7 andunfolding factorof 2, followed by the application
of DFG schedulingresultsin the scheduleof Figurel(b). C is the
lastnodeof thefirstiterationto bescheduledttime step12, sowe
cutourdiagramatthis pointasshavn. To theleft of thecutwe see
onecompletecopy of A, pluspartialcopieshavingtimesl, 5 ands.
Whenwe now retimenode A, we passonedelayentirely through
the node,while the remainingdelaysgetstuckat thesedesignated
positionswithin A. The resultis the split-nodegraphof Figure
1(c).

An iteration is simply an executionof all nodesin a data-flav
graph(DFG) once.Theaveragecomputatiortime of aniterationis
calledtheiteration period of the DFG.If aDFG G containsaloop,
thenthis iteration periodis boundedfrom belowv by the iteration
bound[10] of G, whichis denotedB(G) andis themaximumtime-
to-delayratio of all cyclesin G. For example,therearetwo loops
in Figure 1(a): theouterA — B — C — A loop with total
computatiortime 14 anddelaycount4; andthe B — C' — B loop
with time 4 anddelaycount2. The larger of theseratios comes
from the outerloop, andso B(G) = I in this case. In fact, the
schedulef Figurel(b)achievzesthis minimaliterationperiod,with
4 iterationsbeingscheduledvery 14 time steps Whentheiteration
period of the scheduleequalsthe iteration boundof the DFG (as
happensere),we saythatthe schedulas rate-optimal Clearly; if
we have alegal scheduldor G with cycle period ¢ andunfolding
factorf, its iterationperiodis , andsinceB(@G) is alowerbound
for theiterationperiod,we mustha/e B(G) < <.

We can now define a split-node data-flow graph (SDG with
splitting degree § to be a finite, directed,weightedgraphG =
(V, E,d,t) where:

1. Visaverte set;

2. E C V' xV istheedgeset,representingrecedenceelations

amongthenodes;
3. d : E —Zisafunctionwith d(e) thedelaycountfor edgee;

4.t : V —Z°% is afunctionwith the §-tuple t(v) representing
thecomputatiortimesof v's pieces.

Broadly speaking,d is the maximumnumberof piecesary node
of G is splitinto. If anodew is not split t(v) is aninteger rather
thana d-tuple. For example,in the SDG of Figurel1(c), t(A) =
(1,4, 3,2) whilet(B) = t(C) = 2. Wewill usethenotationZ"(u)
to referto the sumof theelementsf u's §-tupleif w is splitandto
t(u) otherwiseIn thisexample,T'(A) = 10 andT'(B) = T'(C) =
2.

In our model,delaysmay be containedeitheralongan edgeor
within a node. Delayscontainedalong an edgerepresenprece-
dencerelationsacrossiterations;for example,the one-delayedge
betweenB andC' in Figurel(c)indicateghattheexecutionof B in
the currentiterationmustterminatebeforeC canbegin in the next
iteration. On the other hand,delayswithin a node convey infor-
mationregardingthe pipelinedexecutionof a node. For example,
thethreedelaysinsideof A tell usthatup to 4 copiesof the node
may be executingsimultaneouslyin a pipelinedscheduleof tasks.
Furthermorethepositionof thedelaysinsideof anodeindicatethe
form of the scheduleof tasksfor a graph.For example,onesched-
ulefor the SDGof Figurel(c) appearsn Figure2. As we cansee,
thefirst iterationcontainsthe beginning of A’sfirst copy; the next
iterationincludesonly the part of this copy taking 4 time unitsto
execute;the next iterationlastsonly 3 time unitsto matchthe next
partof thecopy; andthenext iterationincludestheremainingpiece
of A’sfirstcopy. After that,we scheduleghecopiesof B andC' as
bestwe canaroundthe bordersof the iterations,makingsurethat
the copy of B in this iterationprecedeghe copy of C' in the next
iteration,andthatthe currentcopy of A startsuponterminationof
the currentcopy of C.
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Figure 2: One schedule for Figure 1(c).

Givenanedgee = (u,v) in a SDG G, we will usethe tradi-
tional notationd(e) to refer to the numberof delayson the edge
not including delayswithin endnodes.We will used(u — v) to
denotethe total numberof delaysalongan edge,including delays
containedwithin theendnodes We will furtherdefined™ (u — v)
asd(e) plusthe numberof delayswithin the sourcenode, and
d”(u — v) asd(e) plus the numberof delayswithin the sink
nodev. Referringto Figure1(c), we obsere thatd™ (A — B) =
d(A — B) = 3whiled (A — B) =d(e) = 0fore = (A4, B).
It is easyto seethatd(u — v) = d* (u — v) +d ™ (u — v) —d(e)
for ary edgee = (u,v).

An integral time scheduleor integral scheduleis a function s :
V' xN—Z wherethe startingtime of nodew in the i*" iteration
is given by s(v,4). It is alegal scheduleif s(u,?) + 17'(u) <
s(v,i + dT(u — v)) for all edgese = (u,v) anditerationsi,
while a legal schedulds a repeatingschedulefor cycle period ¢



and unfoldingfactor f if s(v,i + f) = s(v,4) + ¢ for all nodes
v anditerationsi. Sucha schedulecanbe representedby its first
f iterations sincea new occurrenceof this partial schedulecanbe
startedat the begginning of every interval of ¢ clock ticks to form
thecompleteegal schedule.

GivenaDFG G withoutsplit nodesaclock periodc andanun-
folding factor f, we constructheschedulinggraphG® = (V, E, w, t)
by reweighting eachedgee = (u,v) accordingto the formula
w(e) = d(e) — { - t(u). We then further alter G* by adding
a nodewo andzero-weightdirectededgesfrom v, to every other
nodein G. We thenlet sh(v) be the length of the shortestpath
from vy to v in G° for every nodew. It wasdemonstratedh [1]
that,if B(G) < % for a givencycle periodc andunfolding factor

f, thenthefunction S(v, 1) = [%(z — Sh(v)ﬂ for all nodesv and

positive integers: is alegal, integral, repeatingschedule.In fact,
this is themethodusedto constructhe schedulén Figure1(b).

Given a setof processord,, a processorassignmenbr assign-
mentis afunctionp : V' xN— L wherenodew in iterationi is exe-
cutedusingprocessop(v, i). An assignmenith unfoldingfactor
f is static (with its correspondindgime schedulea static schedulg
if p(v,i+ f) = p(v, i) for every iteration:. Finally, we canim-
plementa static scheduleusing one of two designstyles. If two
copiesof anodecannotbein executionsimultaneouslythe sched-
ule follows a non-pipelinedimplementation This createsanim-
plicit precedenceelationbetweenconsecutie copiesof the same
node,insuringthatthefirst copy stopsbeforethe succeedingopy
begins. If no suchrestrictionis placedon the schedulejt is said
to follow a pipelinedimplementationAs eludedto earlier we will
assumehe useof pipeliningthroughouthis paper

3. RESOURCE MINIMIZATION

Having outlineda methodby which the nodesof a SDGmaybe
scheduledwe now explore the problemof assigninghemto pro-
cessordor execution. The simplestmethodis to staticallyassign
dedicatedrocessas, whereafunctionalunit executesterationsof
oneandonly onenodefrom the schedule.Dueto pipelining, it is
necessaryo assignmultiple processor$o a singlenodein orderto
handleoverlappingiterations.We may thenaskexactly how mary
processorsrerequiredundertheserules:

THEOREM 3.1. Let G = (V, E,d,t) be a data-flow graph.
Giventhe static repeatingintegral scheduleS from above having
clock periodc andunfoldingfactor f, executionof all iterationsof
nodev may be completedising [% -T(vﬂ dedicatedprocesscs
foreahv e V.

PROOF. Iterations: andi + k of nodev canshareoneprocessor
if andonly if S(v,7) + T'(v) < S(v,% + k), which by definition
occursif andonly if

- sno)] + 7)< [ S+ k- s

SinceT (v) isintegral, thisis equivalentto (%(z — sh(v)) + %W -

H(i —sh(v)) + T(Uﬂ > 0, which happensf andonly if & —
T'(v) > —landk > L(T'(v) —1).

We now have two casesFirstsupposehat%(T(u) —1)isinte-
gral. Clearly £ (T'(v) — 1) < £-T(v) < [£ - T(v)]. Ontheother
hand,[£ . T(v)] = [£(T(v) - 1) + L] < L(T(v)—1)+1since

0 < f < cbyassumptionTherefore[ £ - T'(v)] isthesmallesin-
tegerstrictly greaterthan% (T'(v) —1) andsois theminimumnum-
berof processorsequiredto executeall iterationsof v. Otherwise
L(T(v) - 1) is notintegral andwe needat least[ £ (T'(v) — 1)]
processorsyhichis alsoboundedabore by [£ - T'(v)].

In ary case,if n = [% -T'(v)], we have demonstratecbore
that one processoiis adequatdor executingvo, vn, v2n, andso
on;thesameprocessocanbeassignedo v1, vn 41, V2n+1, €tC.;...;
andoneprocessofor v,—1, van—1, vsn—1, andsoforth. Thusall
iterationsof nodev maybe executedusingonly n processors. [

For instance considerthe exampleof Figure1(c) againwith clock
period7 andunfoldingfactor2. By thisresult,we require[ 22| =
3 dedicatedprocessorfor A and [é] = 1 dedicatedprocessofor
eachof B andC. In fact,our scheduldor Figurel1(c) resered5
processorfor execution,onefor each‘row” of thescheduleHow-
ever, this maybeanoverestimate For example,in the scheduleof
Figure 2, thereis no compellingreasorwhy someiterationsof B
and C' cannotsharea processarthus possiblyreducingthe hard-
ware costneededto implementour final schedule. We are now
readyto explore this questionof systematicallystudyinga given
staticschedulen anattemptto producea processoassignments-
ing undedicategbrocessorandrequiringminimal hardware.

Ourprocessoassignmentnethodis basedntheideasfrom [3],
althoughwe improve ontheirideaby consideringationalaswellas
integraliterationperiodsandfill certainlogical gaps.Givenaclock
periodc, wefirst divide time into segmentseachcontaininge clock
ticks. Segmentl lastsfrom time step0 until time stepc, segmentl
from c to 2¢, andin generabegmentk lastsfrom timestep(k—1)-c
until time stepk-c. Wethenunfoldnodesdividing thefirst f copies
of eachnodein our schedulesothatthe piecesaresmallenoughto
fit into onesegment,wheref is our givenunfoldingfactor We use
anunfoldingmethodsimilar to that of [4, 5], simplifying their cal-
culationsby assuminghatall nodesbegin executionat leastonce
during the first sgmentof our schedule.In generalwe have two
cases.

1. If anodew is smallenoughto begin andcompleteexecution
of its zerothiterationduringthefirst ssgmentof theschedule,
it remainsin onepiece.We simply passits startingandcom-
putationtimesto the next stageof our methodaso(v) and
7(v), respectiely. We alsomarkit ashaving no preceding
piece(p(v) =NIL).

2. Otherwisethe nodeoverlapssegmentsand mustbe divided
into parts. Thefirst part,the head is assignedat the endof
the sggmentandincludesthefirst partof the nodewhich ex-
ecutesuntil the endof the first sggment. (It thusinheritsits
startingtime from the original nodeandhasa computation
time of the clock periodminusthe starttime.) Next arethe
body sectionswhich spanentire subsequensegments. Fi-
nally, the tail is assignedat the beginning of a sggmentand
completesexecutionof the original nodefollowing all body
sectionsln all caseswe assign.(u) to identify whattype of
nodepieceu is. We alsoassigntheidentity of the preceding
pieceto p(u).

Sincethe pieceswe are creatingmustrefer backto their matching
nodefrom the original schedulewe useorg(u) and copy(u) to
identify the sourceanditeration,respectiely, in thecaseof HEAD
or wholenodes.This entireprocedureappearsasAlgorithm 1.

As an example,considerthe schedulefrom Figure2. Thefirst
two iterationsof both B andC' begin andcompletesxecutionwithin
the first 7 time steps,so are passedon to the next stageof our



Algorithm 1 Folding the verticesof a split-nodegraph

Algorithm 2 Createindependenilists from foldednodes

Input: A SDGG = (V, E,d,t), ascheduleS for G having clock
periodc andunfoldingfactor f
Output: A setof foldedverticesiW

W — 0

forallv € Vdo
fori « Oto f — 1do

T(v)+CS(v,i) 1_ { S(zé,i) J

/* W isthesetof foldednodes*/

m —

W — WU{vi0s ¥i1s - Vi (m—1)}
if m = 1 then
T(v40) — T(v)
o(v50) — S(v, i)
p(vig) —NIL
(vj0) —NIL
org(vig) — v
copy(vig) — i
else
T(v40) — ¢ — S(v, 1)
o(vgp) — S(v, 1)
p(vig) «NIL
t(v40) «—HEAD
org(vig) — v
copy(vig) < @
for j «— 1tom — 2do
'r(vij) — c

/* Computatiortime */

/* Starttime */

/* Precedingieceof foldednode*/

[* Identification;head body; tail or none?/
/* Correspondingriginal nodefrom V" */
/* Iterationof original node*/

o(vij) — 0
p(Uz‘j) T Yi(i—1)
t(v;7) —BODY
org(w;;) «NIL
copy('v/,;j) —NIL
end for
T(Wi(m—1)) — T(v) —7(vi0) — ¢
U(U'L('mfl)) —0
P(Vi(m—1)) — Vi(m—2)
L(”i(m—l)) —TAIL

(m — 2)

org(v(m_1)) —NIL
copy(vi(,,nfl)) «—NIL
end if
end for

end for

methodasthey are. On the otherhand,the executionof Ay spans
thefirsttwo sgmentssomustbedividedinto 2 pieces.TheHEAD
sectionexecutesfrom time step2 until time step7 andthe TAIL
from 7 to 12. Similarly, theexecutionof A; is dividedinto 3 pieces,
with the HEAD sectionexecutingfrom time step5 until time step
7, the BODY sectionfrom 7 to 14, andthe TAIL from 14 to 15.
The resultsof applying Algorithm 1 to thesenodes,aswell asa
summaryof their propertiesirom the original scheduleare given
in Tablel.

We next identify piecesthat canbe scheduledack-to-backon
the sameprocessory creatingindependentists of folded node
pieces.We first sortour nodes,usingstartingtime asthefirst key
and “subscript” asthe second. (In otherwords, if startingtimes
areall equal,the HEAD of a nodehashigherpriority thanary of
theBODY piecesall of which have higherpriority thanthe TAIL.)
If anodedrawn from this sortedlist hasstartingtime zero,a new

|T(1/)|1Z|S(v,i)| |U|T|p|L|o'f‘g|copy|

<

A 10 0 2 2 Ago | 2 | 8 NIL HEAD A 0
Ap1 | 0 | 5| Ago | TAL NIL NIL
1 5 3 Ao | 5 NIL HEAD A 1
Ayp | 0| 7| Ay | BODY | NIL NIL
Ag | 0| 1| Ay | TAL NIL NIL
B 2 0 1 1 Bgoo | 1| 2 NIL NIL B 0
1 5 1 Big | 5| 2 NIL NIL B 1
c 2 0 0 1 Coo | 0] 2 NIL NIL c 0
1 3 1 Cio | 3] 2 NIL NIL c 1

Table 1: Resultsfrom Algorithm 1 for the schedule of Figure 2.

Input: A setof foldednodesi? andclock periodc
Output: Independentists of foldedvertices

/* Priority queueof vertices orderedby o valuesfirst, subscriptsecond*/
Q«—10
forallv € W do
<(v) —NIL
enqueuet, Q)
end for
/* Stackof indep. proc. lists unassignedrom time stepi forward*/
for i «— 1tocdo
avail[i]+— 0
end for
£+—0
for i «— 1to|W|do
u «—dequeue)
if o(u) = Othen
L —f+1
list[£] —
if p(u) #NIL and s(p(u)) =NIL then

/* numberof indep. lists */

s(p(u)) «— 2
end if
pushlist[ £] ontoavail[ T (u)]
else
if availlo (u)]# 0 then
poplist[ 5] from avail[ o (u )]
list] j]—list] 51U { w }
pushlist[ j] ontoavaillo (u) + 7(u)]
else
L — 041
list[]— u
pushlist[ £] ontoavail[o () + ()]

/* if indep.list canhold « addit to list */

/* otherwiseneeda new list */

end if
end if
end for
for i «— 1to€do
for all w €list[i] do
if o(u) + 7(u) = cthen
succ(i) «— s(u)
end if
head(i) « head(i) or (t(u) =HEAD)
body(i) « body(i) or (¢(u) =BODY)
tail(i) < tail(i) or (¢(u) =TAIL)
end for

end for

list is createdwhich containsonly this node. In this case we also
markits precedingpiecewith the numberof the currentlist sothat
lists containingpiecesfrom the sameoriginal nodecanbe placed
in properorderlater. (In our algorithm, this stepis accomplished
by assigninga ¢ valueto ary nodewhich is discoveredto be the
p value of a piecewe areassigningto a list.) On the otherhand,
if a nodefrom the list hasa non-zerostartingtime, we examine
all of our previous lists to seeif oneis unoccupiedat the given
startingtime. If suchalist is found,we addthe currentnodeto it.
Otherwise we muststarta new list to accommodatéhis node. At
the end, we examineall independentists. If the lastnodeadded
to alist hasa non-NIL ¢ value, we setthe succ value of the list
equalto this, thusidentifying thelist which mustfollow thecurrent
onewhenassigningdiststo aprocessorWe alsorecordwhetherthe
currentlist containsHEAD, BODY or TAIL piecesfor usein the
next stepof our method.All of thisis accomplishedby Algorithm
2 below.

We resumeour examplewith the datain Table1, whichyieldsa
priority qUEUGOf {A()l, A11, Alg, C’oo, B()(), Aoo, Clo, AlO, BlO}-
Thefirst four itemsareassignedo list[1] throughlist[4], respec-
tively, with notesmadethat /ist[1] is available pasttime step5,
list[3] paststepl andlist[4] paststep2. In the processwe dis-
cover threeof the nodes(Ao1, A11 and A12) with non-NIL p val-
ues,somustsetthe appropriate; values.In thiscaseg(Aoo) = 1
sincep(Ao1) = Aoo andAo: wasaddedo list[1], whileg(A1p) =
2 andg(Ai1) = 3 for similar reasonsWhenwe pop Bgo from the
gueueanddiscorverit hasstartingtime 1, we addit to l:st[3] rather
thanbegin a new list becauseof our noteregardingthatlist. We
continuein this fashion,eventuallyarriving at the list assignments
picturedin Figure 3(a). We next review the four lists and assign
non-NIL succ valuesto list[1], list[2] andlist[4] sincethesélists
containthenodeswith non-NIL ¢ values.Finally, we notewhether
ary list containsHEAD, BODY or TAIL nodes.Thesevaluesthat
we have derved aresummarizedn Figure3(b).
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| |succ| head | body | tail |

list[1 2 TRUE | FALSE | TRUE

list[2 3 FALSE | TRUE | FALSE

list[3] | NIL | FALSE | FALSE | TRUE

list[4 1 TRUE | FALSE | FALSE
(b)

Figure 3: Resultsof Algorithm 2 applied to the data from Table
1: (a) theindependent lists; (b) thelists' data values

We next take our independenlists andusethemto make anini-
tial processomassignmentWe first split the lists into two groups,
thosewhich containBODY or TAIL piecesandthosethatdonot. If
possiblewe selectalist withoutsuchpiecesandassigrit to thefirst
available processor If this list containsa HEAD or BODY node,
we know that thereis anotherlist which mustbe assignedo the
sameprocessoimmediatelyfollowing our currentlist, sowe find
this new list andaddit to thecurrentgroup. Simultaneouslywe in-
cremenburunfoldingfactorto accounfor pipelining. We have as-
sumedhatthe zerothiterationof all nodesheginsexecutionduring
thefirst clock segment. Therefore,if our first contactwith a node
in this partof our procedurgakesplaceduring a subsequentlock
segment,we know thatthe noderepresents later iteration. This
incrementedinfolding factorhelpsus keeptrack of which copy of
a nodewe areactuallyplacing. Finally, after completinga group
of lists, we incrementthe processorcountby the unfolding factor
to accounfor pipelining,sothatthenext groupmaybeassignedo
the correctnew processorThis procedureappearsasAlgorithm 3
below.

For example,applythis methodto thedatafrom Figures3(a)and
3(b). Our queueof lists without BODY or TAIL sectionsis {4},
while all otherlists arein the otherqueue. With no otherchoice,
we begin by assigningist[4] to thefirst processorThusthezeroth
iterationsof Cy and Aq arescheduledo executehere.The succ of
thislistis 1, sowe remove thislist from our otherqueuejncrement
the unfolding factorto 1, andschedulehe new list’s executionon
processooneduring the secondtime segment. This list contains
the HEAD of A1, sowe schedulahefirst iteration(dueto the un-
folding factor)of thisnodeto executeon our processorWe proceed
asbefore,incrementinghe unfolding factor(to 2) andloadingthe
sucessorto list[1], namelylist[2]. Sincethis new list contains
only the BODY of A; novaluesarealtered.Finally, we increment
the unfolding factorandprocesshis list’s successoriist[3]. This
new list containgheonly copiesof By, C: andB1, sothesenodes
arescheduledor processooneduringtheir third iteration(which
correspondo nodesBs, C7 and By, respectiely, of the original

Algorithm 3 Useindependenlists to assignprocessors

Input: Setof £ independenlists
Output: A processoassignmentor iterationzero
Q—0

/* Sortedlist of unproc.lists w/o bodyor tail */
R «— 0 /* Sortedlist of all otherunproc.lists*/
fori «— 1to£do
proc(i) «—FALSE
if body (i) =FALSEand tail(i) =FALSE then

/* Setall listsunproc.*/

Q — QU{i}
else
R — RU{i}
end if
end for
p+—0 /* Numberof processors/

while TRUE do
ifQ # 0or R # (0 then

p—p+1 /* If 3 unproc.listincrementp */
else

stop /* Otherwisehalt*/
end if
if Q # 0 then

1 «firstelemenbof Q
else
1 «firstelemenof R
end if
current «— 0
f—o0
whileproc(l) =FALSE do
proc(l) «TRUE

I* Selectist w/o bodyor tail if youcan*/

/* currentschedulepieceandits unfolding factor*/

current «— current Jlist[l]
for all w €list[l] do
if «(w) =NIL or ¢(u) =HEAD then
unit(u) «— p
iter(u) «— f
end if

/* Assignproc. p to nodew iter. f */

end for

if head(l) =TRUEor body(l) =TRUE then
t—1 /* Selectist containingbodyor tail following currentlist */
l — suce(t)
if body(l) =TRUEor tail(l) =TRUEthen

ifl € Rthenremoel from R end if
else
if I € Q thenremovel from Q end if
end if
f—f+1
end if
end while
foralu € currentdo
if t(u) =NIL or ¢(u) =HEAD then

I* For eachnew appendedist incrementunfolding factor*/

unfold(u) «— f
end if
end for
p—p+/f

/* Assignunf. factorto all schedulechodes*/

end while

schedule).The queuesarenow both emptyandevery nodein our
graphhasbeenscheduledo executeonthesameprocessoatvary-
ing pointsin time. We finish by assigningall nodesan un fold
valueof 3, leaving uswith thevaluesfor eachnodelistedin Table
2.

Finally, we mustpropagatehisinitial processoassignmenthrough-

out the remainingiterationsof our nodes.In Algorithm 3, we as-
signeda processofor adesignatedterationof eachnode.We also
recordedanunfoldingfactor telling usthatun fold(u) + 1 copies
of this particularnodew arein the pipeline simultaneously It is
now a simple taskto assignthe un fold(u) + 1 copiesof node
u to the processorsve resered for thesetasks,then repeatthis
assignmenstaticallyto infinity, thuscompletingour processoas-
signment.This final stepis summarizedn Algorithm 4.

[ unit | iter | unfold |

Aoo 1 0 3
Ao 1 1 3
Boo 1 3 3
Bio 1 3 3
Coo 1 0 3
C1o 1 3 3

Table 2: The output from applying Algorithm 3 to thedatain
Figures 3(a) and 3(b).
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Figure4: Final processor-optimal schedule for example.

Algorithm 4 Expanditer. zeroproc. assignmento completeproc.
assignment

Input: Setof foldednodesiV with assignedraluesandunfolding

factor f

Output: A completeprocessonssignment
forall w € W with c(w) =NIL or +(u) =HEAD do
fori «— Oto f — 1do
k «— f-i+ copy(u)
for j «— Otoun fold(w) do
P(org(u), k + ((iter(u) + j) mod (unfold(u) + 1)))

— unit(u) + j
end for
end for
* Repeafirst few iters. to infinity */
forall < > 0do
P(org(u), i+ f - (unfold(u) + 1)) — P(org(u), i)
end for

end for

We now completeour example,usingthe valuesfrom Figure?2.
Dueto our unfoldingfactors,we require4 processorso complete
our schedule. We seefrom Table 2 that the first iterationof A,
(i.e., A3) is assignedo processoti. Working backward,thismeans
thattheinitial iterationof the node(A1) is placedon processo.
Also, the secondteration A5 is assignedo processoe, the third
to processos, thefourthto processo#, andsoon. Similarly, if the
third iterationof By (really Bs) is assignedo the first processar
we work backwardto assigrnthe secondteration(B4) to processor
4, thefirst iteration(B2) to processoB, andthe zerothiterationto
processor. We do the exact samething to assignthe iterations
of B: andC;. Finally, the remainingnodesall have their zeroth
iterationsscheduledor processoil, soit is easyto work forward
and completeour processomlssignment.We thus derive the final
time- andprocessooptimal scheduleseenin Figure4.

4. CONCLUSION

In this paper we have formally defineda split-nodedata-flav
graphandredefinedthe terminologyof schedulingto fit this new
paradigm. We have exhibited one schedulingalgorithmfor split-
nodegraphs,andthendiscussed way to reducethe hardwarere-
quirementf theresultingscheduleln the processyve statedand
proved atight upperboundon the minimum numberof processors
requiredto executethe staticscheduleproducedoy our algorithms.
Finally, we have demonstratedur methodson a specificexample.
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