
Transf ormation Rules for Designing CNOT-based
Quantum Circuits

Kazuo Iwama
Sch. of Inform., Kyoto Univ.

QCI, ERATO, JST

iwama@kuis.kyoto-u.ac.jp

Yahiko Kambayashi
Sch. of Inform., Kyoto Univ.

yahiko@i.kyoto-u.ac.jp

Shigeru Yamashita
NTT Communication Science Labs.

QCI, ERATO, JST

ger@cslab.kecl.ntt.co.jp

ABSTRACT
This papergivesa simplebut nontrivial setof local transformation
rules for Control-NOT(CNOT)-basedcombinatorialcircuits. It is
shown thatthis rulesetis complete,namely, for any two equivalent
circuits,S1 andS2, thereis a sequenceof transformations,eachof
themin therule set,which changesS1 to S2. Our motivation is to
usethis rulesetfor developingadesigntheoryfor quantumcircuits
whoseBooleanlogic partsshouldbeimplementedby CNOT-based
circuits. As a preliminary example,we give a designprocedure
basedonourtransformationruleswhichreducesthecostof CNOT-
basedcircuits.

Categoriesand SubjectDescriptors
B.6.m[LOGIC DESIGN]: Miscellaneous

GeneralTerms
Design,Theory

Keywords
QuantumCircuit, CNOT Gate,LocalTransformationRules

1. INTRODUCTION
It is widely consideredthat logic synthesisis a maturefield in

our community. However, this is only truefor conventionalAND-
OR-NOT-basedcircuitsor LSI’s; new ideasmustbeneededif we
facetechnologyinnovations.Themainpurposeof this paperis to
introducelogic synthesisfor quantumBooleancircuits[12] (QBCs
for short). The key differencebetweenconventionalcircuits and
quantumonesis their base-family of logic gates,for the latter of
whichmany peopleagreethatControl-Not(CNOT) typelogic gates
will bea singlepossibility. Another(evenmoreimportant)feature
of QBCsis its severerestrictionagainstwire-linkingbetweengates:
As we canseein a moment,only straight-line,parallelwiring is
allowed. Thus,it looksobviously hardto applyconventionallogic
synthesistechniquesfor ourpresentpurpose.

In spiteof sucha new target,our basicstrategy approachingto
it is quite conservative. Namely, our logic synthesisproposedin
this paperis basedon local transformations, which hasbeencon-
stantlypopularandsuccessfulfor conventionalcircuits[2, 3]. (One
can think of, for example,the DeMorgan’s law, which hasbeen
usedmostoftento makealocalsimplificationof Booleancircuits.)
More concretely, we give a setof local transformationrules. The
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rule setis complete,which meanswe cantransformany QBC into
any of its equivalentonesby applyingtheserules. We alsomake
someconcretesuggestionsonhow to usethesetransformationrules
to simplify QBCs.

It shouldbe notedthatquantumalgorithmsareoften described
by using QBCs [12]. Designinga “good” QBC is thus plays a
key role to thesuccessfulimplementationof a quantumalgorithm.
A little surprisingly, however, relatively small attentionhasbeen
paid for the designmethodologyof QBCs [1, 9]. [1] shows that
any unitarytransformationcanbebrokendown into a sequenceof
basicquantumgates.Themethodis general,but it doesnot neces-
sarily generateefficient circuits. [9] giveshow to constructQBCs
for Booleanfunctionsby usingCNOT gatesbut their resultingcir-
cuits are essentiallythe sameas the elementarytwo-level AND-
OR-NOT circuits.

To discusshow to designsmallQBCs,weshouldnotethatQBCs
for quantumalgorithmscan be divided into two parts: One is a
quantumspecific part, for example, the Walsh-Hadamardtrans-
formation for makinga quantumsuperpositionand the Quantum
Fourier transformation[6]. The other part, which is sometimes
called quantumBooleanoracles [5], is for calculating(conven-
tional) Booleanfunctions.To establishanefficient designmethod-
ology for QBCs,it is muchmoreimportantto targetthe latterpart
(quantumBooleanoracles)sincethe structuresof the latter part
vary dependingon eachproblem,whereasthe structureof former
part is usuallyfixed. Our ultimategoal is to developa designthe-
ory for quantumBooleanoracles,andit is a nicestart-upto havea
setof local transformationrulesfor CNOT-basedQBCs. It should
benotedthata similar setof transformationrulesfor conventional
circuitsis givenin [8].

We alsointroducethe canonicalform, which is anotherfunda-
mentalconceptin logic synthesis,for CNOT-basedQBCs. Then
we canprove thecompletenessof therulesetonly by showing that
thereis asequenceof transformationsfrom any circuit to its canon-
ical form, sinceeachtransformationis bidirectional.Accordingly,
we canassurethatby usingour transformationrules,we canmod-
ify a given circuit into anotherwith a desirableproperty(e.g.,of
small cost)by executinga NP-typesearch,althoughthe lengthof
thesearchpathmightnotbealwaysshort.Thecompletenessof the
rule setis quitenon-trivial andtheoreticallyinterestingon its own.
As mentionedbefore,however, ourfinal goalis to useour rulesfor
morepracticalpurposes.Actually, we give a preliminaryexample
of a designprocedurewhichsimplifiesCNOT-basedcircuits.

2. QUANTUM BOOLEAN CIRCUITS
Although we needvirtually no knowledgeof quantumcompu-

tation to understandthemain resultof this paper, let usstartwith
a minimumintroductionof thenew technology:In quantumcom-
puting, a quantumbit, or qubit for short,playsan importantrole.
Therehavebeenproposedvariousphysicalimplementationobjects
for qubits [10], and they canbe describedas:

�
x��� α

�
0��� β

�
1� ,

where
�
x� meansthequantumstateof thequbit x, andα andβ are



|xn+1〉
|xn〉

|x2〉
|x1〉

auxiliary 
bits

|xn+1 ⊕ f (x1… xn)〉
|xn〉

|x2〉
|x1〉

a

|xn+2〉=|0〉
|xn+3〉=|0〉

|xN〉=|0〉

|xn+2〉=|0〉
|xn+3〉=|0〉

|xN〉=|0〉

CNOT gates

Figure1: A Quantum BooleanCir cuit

complex numberswhich satisfythat (1)
�
α
� 2 � � β � 2 � 1 and(2) if

wemeasure thequantumstate,wegetthestates
�
0� and

�
1� with the

probability
�
α
� 2 and

�
β
� 2, respectively. This meansthata qubit can

storea superpositionof thestates
�
0� and

�
1� unlikea conventional

bit. In the generalframework of quantumcomputing,we apply a
specificsequenceof unitary operationsto qubits,andgeta desired
solutionby measuringthefinal quantumstatesof thequbits.Such
a sequenceof unitary operationsis often describedasa quantum
Booleancircuit (QBC).

A QBCisaquantumsystemwith N qubits,denotedby
�
x1 � � x2 ��������

xN � , asillustratedin Fig. 1 wherewe applya specificunitaryop-
erationcorrespondingto eachgateoneby one to the qubits

�
x1 �

to
�
xN � from left to right. As an interactionof their qubits, we

canonly useCNOT gateswhosefunctionality will be given later.
The left-side

�
x1 � � x2 �	���
� � xn � areusedfor the input, andtheir val-

uesshouldbe restoredfinally. (This restoringis importantwhen
the circuit is usedfor quantumBooleanoraclesas we mention
later.) The � n � 1� -st qubit

�
xn
 1 � , calleda work bit, is changed

into
�
xn
 1 � f � x1 � ���
� � xn ��� , which is usedto obtain the value of

the Booleanfunction f . Furthermore,a circuit canuseany finite
numberof auxiliary qubitswhich areresetto

�
0� initially andalso

restoredto be
�
0� finally. More formally:

Definition 1. A Control-NOT (CNOT) gateis denotedby � t � C� ,
wheret is anintegerandC is a finite setof integers(t �� C).

�
xt � is

calleda target bit and
�
xk � is calleda control bit if k � C.

This kind of gatesis alsocalledn-bit Toffoli gates[11] in re-
versiblecomputing. Also theliteraturerefersto � t � C� with only one
controlbit asa Control-NOT gate,andto � t � C� with two controlbit
asControl-Control-NOT gate, andso on, but we simply call both
of themCNOT gatesin this paper. In the figure, we use � for a
targetbit and � for a controlbit. For example,the leftmostCNOT
gatein Fig. 1 is givenby � n � 1 ��� 1 � 2 � n��� . As its symbolsuggest,� n � 1 ��� 1 � 2 � n��� changesthestateof

�
xn
 1 � into

�
xn
 1 � x1 � x2 � xn � ,

where � is theconventionalXOR. (SeeDefinition 3 for details.)
Wedenotethesetof N-bit basisvectorsby � 0 � 1� N. Thequantum

stateof N qubits
�
x1 ������� � xN � is a superposition(a linearcombina-

tion) of those2N basisvectors.However, we oftenassumein this
paperthatthestateis a singlebasisvectorwhendescribingthebe-
havior of the system. Generalizationto superposedstatescanbe
donesimply by takinga linearcombinationof theresultsfor each
basisvector.

Definition 2. A quantumBooleancircuit of sizeM over qubits�
x1 � � �
��� � � xN � is a sequenceof CNOT gates� t1 � C1 ��������� ti � Ci ��������� tM � CM � , where1 � ti � N � Ci � � 1 � �
��� � N � . Note

thatunlike the conventionalBooleancircuits we areonly allowed
to haveasequenceof CNOT gates.(Wecannotuseso-calledjump-
wireswhichpropagatetheresultof onegateto anothergateplaced
faraway. This is animportantdifferencebetweenourcircuit model
andtheconventionalcircuit model.)

Definition 3. The stateof the circuit after the i-th CNOT gate� ti � Ci � is denotedby Si � � xi
1 �����������
� � xi

N � anddefinedasfollows:
(1) S0 � �a1 � �a2 ������� � aN � , where

�
a1 � �a2 ������� � aN � � � 0 � 1 � N is an

input state.
(2) For 1 � k � N and1 � i � M,

�
xi

k ��� � xi � 1
k � if k �� ti , and�

xi
ti ��� � xi � 1

ti � Xk
Ci
� whereXk

Ci
� 1 � xi1 � �����!� xi j if Ci � � i1 � ���
� � i j � .

Here � is the conventionalAND and � is the conventionalXOR

x1
x2
x3
x4
x5
x6
x7

(Circuit A)
x1
x2
x3
x4
x5
x6
x7

x1
x2
x3
x4
x5
x6
x7

(Circuit B) (Circuit C)

Figure2: Equivalent Cir cuits

operators.
For example,we cancalculateS2 of Circuit A in Fig. 2 suchthat�

x2
i �"� � x1

i � for i �� 6, and
�
x2

6 �"� � x1
6 � x1

1 � x1
3 � x1

5 � . NotethatXk
Ci

is 1
whenCi is anemptyset,whichmeansthattheCNOT gateoperates
just asa negation(seegatea in Fig. 1). For betterexposition,we
oftensay“the stateof

�
x1 � afterthe i-th gate”in steadof “the state

of
�
xi

1 � .”
Definition 4. A quantumBooleancircuit is saidto beproperand

to computeaBooleanfunction f � x1 � ����� � xn � if f (i) S0 � � a1 � � a2 ��������
an
 1 � � 0������� � 0� , i.e., all theauxiliary bits areinitially cleared,(ii)

Thefinal stateSM � � a1 � � a2 ������� � an
 1 � f � x1 � �
��� � xn ��� � 0������� � 0� , i.e.,
the � n � 1� -st stateis XORedwith the function valueandall the
othersarethesameastheinput.

Remark. Note that our conditionsaysthat all auxiliary qubits
must be resetfinally. Otherwise,we cannotusethe circuit as a
Booleanoracle for the following reason: If the auxiliary qubits
arenot reset,thestatesof

�
x1 ������� � xn � maybeentangledwith some

statesof the auxiliary qubits. In sucha case,we can no longer
treat the statesof

�
x1 ������� � xn � asonequantumsystem,and there-

fore quantumoperationsfor the statesof
�
x1 �	���
� � xn � might not

work asdesired.For example,the f -controlled phaseshift usedin
theGrover’ssearchalgorithm[5] is definedas

�
x1 �	���
� � xn � � xn
 1 �#��
$ 1� f % x1 & ' ' '(& xn ) � x1 �	���
� � xn � � xn
 1 � where

�
xn
 1 � is initializedto 1*

2
� �0�+$�

1��� . If thecircuit is notproper, we canno longerusethecircuit as
a primitive of theaboveunitaryoperation.

Fig.2 showsthreeQBCswhichareall equivalent,i.e.,they com-
pute the sameBooleanfunction f � x1 � ���
� � x6 �,�-� x1 � x2 �"�.� x3 �
x4 �	��� x5 � x6 � . Notethatx7 is awork bit in thesecircuits.As will be
shown later, wecanalwaysconstructacircuit by only usingCNOT
gateswhosetargetbit is xn
 1, i.e., thoselike Circuit B. However,
differenttypesof circuitsareof coursepossiblelike CircuitsA and
C, whereC is simplerthanA andB.

3. TRANSFORMATION RULES
In thissection,weintroducesix local transformationruleswhich

canbeappliedfor asequenceof CNOT gates.Eachtransformation
rule looks like F / G, whereF and G are sequencesof CNOT
gates.If a(proper)circuitA iswrittenasA � A1FA2, i.e.,it includes
a subsequenceF , thenA changesinto A01� A1GA2 by applyingthe
rule F / G.

Transformation Rule Set. In thefollowings,ε meanstheempty
sequence,andwe referto a CNOT gatewhosetargetbit is the i-th
bit asCNOTi .

(1) � t1 � C1 �2�3� t1 � C1 �4/ ε. Namely, two adjacentidenticalgates
cancel.

(2) � t1 � C1 �3�5� t2 � C2 �2/6� t2 � C2 �3�5� t1 � C1 � , if t1 �� C2 andt2 �� C1. The
conditionmeansthat the two gatesare“independent.” If thereis
someinfluencebetweentwo gates,we cannotsimply changethe
orderof thetwo gates.Evenin suchcases,wecanchangetheorder
by addingsomegates,aswe will seein thefollowings.

(3) � t1 � C1 �+��� t2 � C2 �7/8� t2 � C2 �!�7� t1 � C1 �!�7� t1 � C1 9 C2 $ � t2 ��� , if t1 ��
C2 andt2

�
C1 (seeFig. 3).

(4) � t1 � C1 �+��� t2 � C2 �7/8� t2 � C1 9 C2 $ � t1 ���!�:� t2 � C2 �!�:� t1 � C1 � , if t1
�



(a) lefthand-side of Rule (3) (b) righthand-side of Rule (3)

⇔
|x 〉t1

|x 〉t2

[t1, C1]

a1

b1

C’ 1

C2

a2

b1

a2

b2

|x 〉t1

|x 〉t2

[t2, C2]

a1

b1

a’ 3

b’ 2

a’ 2

[t1, C1]

b’ 2

C2

C’ 1C’ 1

added

[t1, C1 ∪C2 –{ t2} ][t2, C2]

C2

Figure3: Transformation Rule 3

C2 and t2 �� C1. This rule is the dual of (3), i.e., the relationship
betweenthetwo gatesis opposite.

(5) � t1 ��� c1 ���+��� t2 � C2 9;� c1 ���</=� t1 ��� c1 ���1��� t2 � C2 9>� t1 ��� , if � t1 ?
n � 1� andthereis noCNOTt1 before � t1 ��� c1 ��� (seeFig. 4).

(6) � t � C�"/ ε, if thereis an integer i suchthat i � C � i ? n � 1,
andthereis noCNOTi before � t � C� .

Lemma 1. Applying any oneof Rules(1) to (6) doesnotchange
theBooleanfunctioncomputedby thecircuit.

Proof. (1) Rule(1) isobvioussinceg � f � f � g for any Boolean
functions f andg.

(2) Rule(2) is alsoeasybecause� t1 � C1 � and � t2 � C2 � donotaffect
eachotherif t1 �� C2 andt2 �� C1.

(3) SeeFig. 3 again. We have two importantqubits, i.e.,
�
xt1 �

and
�
xt2 � (t1 �� t2 by the condition). In Fig. 3 (a), let a1 and a2

bethestatesof
�
xt1 � beforeandafter thegate � t1 � C1 � , respectively.

Let a1, a02 anda03 bethestatesof
�
xt1 � before � t2 � C2 � , after � t1 � C1 �

andafter � t1 � C1 9 C2 $ � t2 ��� , respectively, in Fig. 3 (b). Also, b1,
b2 andb02 arethestatesof

�
xt2 � similarly defined.Furthermorelet

C01 � C1 $ � t2 � (C01 andC2 maynotbedisjoint). Notethatthestate
whoseindex is in C 01 9 C2 doesnot changethroughoutthis portion
of the circuit sincethereis no target bit index in C01 9 C2. Now
let us calculatethe statesa2, b2, a03 andb02. First, both b2 andb02
canbe written asb1 � XC2, whereXC2 is a productterm of all x j
suchthat j � C2. Similarly, let XC @1 bea producttermof all x j such
that j � C01, thenwe have a2 � a1 � XC @1 � b1, a02 � a1 � XC@1 � b02 �
a1 � XC @1 �A� b1 � XC2 �"� a1 � XC @1 � b1 � XC2 � XC @1 anda03 � a02 � XC2 �
XC@1 � a1 � XC@1 � b1 � XC2 � XC @1 � XC2 � XC@1 � a1 � XC@1 � b1. Thus
b2 � b02 anda2 � a03. Thestatesof otherqubitsdo not changeas
mentionedbeforeandhencethetransformationdoesnotchangethe
functionalityof thecircuit.

(4) Similar to theproof for Rule(3).
(5) If thereis noCNOTt1 before � t1 ��� c1 ��� , � xt1 � remains

�
0� just

beforethe gate � t1 ��� c1 ��� . Therefore,after applying � t1 ��� c1 ��� , the
stateof

�
xt1 � andthatof

�
xc1 � mustbe thesame,which meansthat

we canchanget1 to c1 in the index setof the latter gate’s control
bits.

(6) If thereis anintegeri whichsatisfiestheconditionof therule,� t � C� hasanauxiliary bit
�
xi � asits controlbit whosecurrentstate

remains
�
0� . Sinceoneof its control bits is always0, this CNOT

gateis useless. B
4. COMPLETENESS OF THE RULE SET

In thissection,wefirst introducethecanonicalform for quantum
Booleancircuits. Then it is shown that any circuit can be trans-
formedinto its canonicalform usingthetransformationrules.The
completenessof the rule set is its immediateconsequence,since
our transformationrulesarebidirectional.

4.1 Canonical Form
Definition 4. A quantumBooleancircuit S is saidto be of the

canonicalform, if (1) it hasonly CNOTn
 1 gates,namelyCNOT
gateswhosetargetbit is thework bit, (2) it doesnot includetwo or
moresameCNOTn
 1 gates,(3)CNOTn
 1 gatesareorderedlexico-
graphicallyin termsof the indicesof their controlbits, and(4) no
CNOTn
 1 gateshave auxiliary qubitsin their controlbits, i.e., the
circuit Susesnoauxiliary qubitsat all.

Thecondition(2) meansthatthecanonicalform mustnot bere-
dundantin termsof Rule (1) in our transformationrule set. The
condition(3) meansthat, for example, � n � 1 ��� 1 � 2 � 3��� shouldbe
placedbefore � n �C� 2 � 3 � 4 ��� . Recall that Fig. 2 shows threediffer-
ent circuits computingthe sameBooleanfunction, andonly Cir-
cuit B is of the canonicalform. Now considerBooleanformulas
of the following form: a0 � a1x1 � a2x2 � ����� � anxn � a1 & 2x1x2 �
a1 & 3x1x3 � �
��� � an � 1 & nxn � 1xn � ���
������� � a1 & 2 & ' ' ' n � 1 & nx1x2 �
��� xn � 1xn �
whereno negatedliterals areallowed andeachai is 0 or 1. This
form is calledapositivepolarity Reed-Mullerexpression, for which
thefollowing lemmais known:

Lemma 2. [4]. Any Booleanfunction canbe expressedby a
positive polarity Reed-Mullerexpressionwhich is uniqueexcept
for theorderof terms.

Lemma 3. Any CNOT-basedquantumcircuit S hasits unique
canonicalform.

Proof. By definition,S transforms
�
xi � to

�
xi � for 1 � i � n and�

xn
 1 � to
�
xn
 1 � f � x1 � ����� � xn ��� for someformula f . Computethe

positivepolarityReed-Mullerexpressionof f , whichnaturallycor-
respondsto a sequenceof CNOTn
 1 gates.Sincetheorderof such
gatesmustbelexicographicwith respectto their controlbits in the
canonicalform, theresultingcircuit is uniqueby Lemma2. B
4.2 Transformation Procedure

Theorem 1. Any quantumcircuit Scanbetransformedinto its
canonicalform by usingour transformationrules.

Proof. Our procedure,Main � S� , for sucha transformationis il-
lustratedin Fig. 8. Main � S� first callsShift� S� n � 1� which“shifts”
all theCNOTn
 1 gatesin S to the left portion of the circuit (see
below for details). After all theCNOTn
 1 gatesareplacedin the
left portionof thecircuit, we let theremainingpartbeS0 andthen
applyShift� S0 � n� . Repeatthis procedureuntil Shift� S0 � 1� . As one
canseelater, theShiftprocedurealsoincludesthelexicographically
reorderingoperationandtheoperationof deletingredundantgates.
Therefore,after Shift� S0 � 1� is finished,all CNOTm for 1 � m � n
havealreadyvanished(seeLemma4). Thusall wehaveto domore
in line 9-15of Main � S� is to deletethegateswhosetargetbits are
auxiliaryqubits.

We first concentrateourselveson the Shift procedure.Let k �� t1 � C1 � andh �D� t2 � C2 � betwo consecutive gates,wheret2 � n � 1
andt1 �� n � 1. Thenour basicideais to switch thepositionsof k
andh, i.e.,kh into hk. If t1 �� C2 or t2 �� C1, thenthis switchcanbe
donein a singlestepby usingoneof Rules(2)-(4). Unfortunately,
that is not possibleif t1

� C2 andt2
� C1; the following algorithm

mainly targetsthis situationwherewe canno longerdependon a
simplerepetitionof theabove switchingoperations.Now hereare
detailsof theprocedureShift� S� m� for 1 � m � n � 1:

Step1. Supposethat theentirecircuit S includesk CNOT gates
whosecontrolbitsincludethem-thbit. Let thesegatesbeg1 � g2 � ����� gk,
andg j �E� t j � C0j 9>� m��� . Whatwe do first is to remove this m-th bit
from thecontrolbitsof g j by usinganunusedauxiliarybit, saythe
a j -th bit. As anillustration,seeFig. 5 for theoriginal circuit Sand
Fig. 7 for thecircuit afterStep1 of Shift� S� 3� is applied. In more
detail:

Step1.1.Weaddtwo identicalgates� a j ��� m��� , right beforeg j by
Rule(1). Let thesegatesbegl j

for theleft oneandgr j for theright
one.

Step1.2. We changetheorderof gr j andg j by Rule (2), i.e., to
theorderof gl j

g jgr j .
Step1.3. We applyRule (5) to gl j

andg j so thatg j �F� t j � C0j 9� m��� is changedto � t j � C 0j 9G� a j ��� .
Step2. We move eachgl j � 1 � j � k� to the left asfar aspos-

sible. Notethatwe canalwaysdo this transformationby applying
Rules(2) to (4). We needto adda gatewhosetargetbit is thea j -
th bit � 1 � j � k � whenwe apply Rule (4). We alsomove such
addedgatesto the left partof thecircuit by Rules(2) to (4). (One
might have theconcernthat this chain-like additiondoesnot stop.



⇔

auxiliary bits

|0〉

Figure4: Transformation Rule 5
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Figure5: Initial Cir cuit
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Figure6: The Final Result
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Figure7: The Cir cuit after Step1

1 Main j Sk
2 l
3 S’ = S
4 for (i = n m 1 to 1) l
5 Shiftj Sn o i k
6 Ci p SL /* theleft partof theresultof Shiftj Sn o i k which consist
7 of onlyCNOTi gates*/
8 Sn p SR /* theremainingpartof theresultof Shiftj Snqo i k */
9 r
10 while (gatesg thathave auxiliaryqubitsin its controlbitsexist) l
11 Let g betheleft mostoneof suchgates.
12 Move g to thenext right positionof CNOTns 1 by applyingone
13 of Rules(2) and(4) asmany timesaspossible.
14 Deleteg by applyingRule(6).
15 r
16 Reorderthegateswhosetargetbits areauxiliaryqubitslexicographically
17 by applyingRule(2) asmany timesaspossible.
18 Deleteredundantpairof gatesby applyingRule(1) asmany timesaspossible.
19 r

Figure8: Main t Su
v w w x w v y z y x { |

} ~ � �} ~ � � � � � � � �

} ~ � �
} ~ � ��} ~ � ��} ~ � ��
� } � �� } � �� } � � � � � � � �� � � � � �� � � � � �

Figure9: The Cir cuit after Step2

This is actuallynot thecasebecauseaCNOTaj is alwaysaddedat
thelefthand-sideof thetransformationof Rule(3).) Thenwe geta
circuit whereall CNOTaj t 1 � j � ku exceptfor gr j t 1 � j � ku are
placedin the left mostpart of the circuit. SeeFig. 9 for a circuit
afterStep2 in our example.

Step3. We thenmove eachgr j t 1 � j � k u to theoppositedirec-
tion, i.e., to the right asfar aspossible.Again we canalwaysdo
this by applyingRules(2) to (4) andexactly thesameasbeforeas
for the addedgateswhosetargetbits area j -th t 1 � j � ku . Thus
we get the circuit whereall CNOTaj t 1 � j � ku areplacedin the
left mostpartor in theright mostpartof thecircuit.

Step4. Without loss of generalitywe can assumethat gl1 is
placedat the left-endpositionof the circuit after Step2. As one
can seelater, we can overcomeseveral difficulties we encounter
whenmoving CNOTm gatesto the left, by giving a specialrole to
this gategl1 . Now, for eachgateg which hasthe m-th bit in its
controlbitsandplacedin thelefthand-sideof theCNOTm gates,we
applythefollowing transformations:First we move g to theleft so
that it comesto thenext right positionof gl1 by usingRule (2) or
(3) asmany timesaspossible.ThenweapplyRule(5) to now con-

� � � �� � � �
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Figure10: The Cir cuit after Step4

secutive gl1 andg so that the control bit
�
xm � of gl j

is changedto
thea1-th bit. SeeFig. 10 for a circuit afterStep4 in our example.
At this momentno gates,except for the leftmostgategl1, which
have them-th bit in their controlbits exist if they areplacedin the
left sideof theCNOTm gates.Note that thegatesaddedin Step2
mustnot have the m-th bit in their control bits, andthereforewe
canalwaysperformthefollowing Step5.

Step5. We move eachCNOTm sothat it comesto thenext right
position of gl1 by applying Rules(2) to (4). If we needto add
new CNOTm gatesin theabovetransformation,wealsomovethese
addedgatessimilarly. Now all CNOTm areplacedconsecutively, in
thenext right positionof gl1 . Theleft portionof ourexamplelooks
like Fig. 11 (a)afterthisstep(recall thatm � 3).

Step6. ThuswehavealmostmovedtheCNOTm gatesto theleft.
Theonly remainingobstacleis gl1 . In thisstep,wedeleteredundant
CNOTm gatesasfollows.

Step6.1. We reorderthoseCNOTm gateslexicographicallyby
applyingRule (2) asmany timesaspossible.Thenwe have three
groupsof CNOTm; the first group doesnot include the a j -th bit� 1 � j � k� in thecontrolbits, thesecondgrouphasonly thea1-th
bit (noa j -th bit � 2 � j � k � ) in thecontrolbits,andthethird group
of theremaininggateshasthea j -th bit � 1 � j � k� in thecontrol
bits. Let thesegroupsbe GroupsA, B andC, respectively. The
threegroupsof CNOT3 afterthisstepareillustratedin Fig. 11 (b).

Step6.2.We deleteall gatesin GroupC by Rule(6).
Step6.3. We apply Rule (1) to deleteredundantpairsof gates

in GroupsA andB. We will claim that all the gatesin GroupB,
andGroupA aswell if m �� n � 1, disappearat this momentin the
next Lemma4. Thusall CNOTm gatesthat have the a1-th bit in
their control bits, i.e., thosein GroupsB or C, have beendeleted.
Therefore,we canperformthefollowing Step7.

Step7. We finally move gl1 which remainsin the left mostpo-
sition to theright sideof all CNOTm by applyingRule(3) asmany
timesaspossible.We may againneedto addCNOTa1 , which are
movedto theright sideaswell. Finally we geta circuit whereall
CNOTm areplacedin the left mostpart of the circuit. That com-
pletesShift� S� m� .
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Lemma 4. All the gatesin GroupB mustdisappearafter Step
6.3of¿ Shift� S� m� if thecircuit S is proper. All thegatesin GroupA
mustalsodisappearwhenm �� n � 1.

Proof. Below we considerthestateof
�
xm � . Recallthatwe have

only gl1 in theleft partof GroupA. Therefore,beforeGroupA the
statesof

�
x1 � to

�
xn
 1 � remainunchanged,i.e.,beingequalto their

initial states,andonly
�
xa1 � haschangedto beequalto

�
xm � .

Supposethat somegatesin GroupsA or B have remainedafter
Step6.3,andlet the i-th suchgatein GroupA be �m� CAi � , andthe
i-th gatein GroupB be �m� CBi � . Furthermore,let XCAi

be a prod-
uct term of all x j suchthat j � CAi , and XCBi

be a productterm
for CBi . Then the value of the stateof

�
xm � after Group A can

bewritten asxm � XCA1 � XCA2 � �����1� xm � � XCA1 � XCA2 � �
�����À�
xm � fA becauseof associative laws for the XOR operator. An
importantpoint here is that XCA1 � XCA2 � ����� are all different since
Step6.3 includesthe simplificationprocedure(by Rule (1)) after
reorderingthe gatesinto the lexicographicalorder. This means
that fA is a positive polarity Reed-Mullerform. Also notethat fA
doesnot have theliteral xm sinceeachCAi doesnot includem. We
thencancalculatethe valueof the stateof

�
xm � after GroupB as

xm � fA � XCB1 � XCB2 � ����� . Recall that all the gatesin GroupB
have the a1-th bit as their control bits, therefore,all XCBi

in the
formula contain the literal xa1 which is equal to xm becauseof
the leftmostgategl1. Accordingly, we canrewrite the formula as� xm � fA � xm f 0B � , where f 0B doesnot have the literal xm and is a
positive polarity Reed-Mullerform again.(TheXOR hasdistribu-
tive laws, for example,xyz� x � x � yz � 1� .)

SincetherearenoCNOTm afterGroupB (recall thatGroupC’s
gateshavealreadydisappeared)andthecircuit is proper, we have

�
xm � fA � xm f 0B �#�

Á �
xm � if 1 � m � n,�
xm � f � if m � n � 1,

where f hasonly literalsx1 throughxn. Now we canconcludethat
fA � f 0B � 0 if 1 � m � n, and f 0B � 0 if m � n � 1 for thefollowing
reason:The above formulascanbe expandedwith respectto xm,
i.e., xm � fA � xm f 0B �Â� fA f 0B � fA f 0B � xm � fAxm, and xm � f �
f xm � f xm. Onecanseethatthesetwo functionsareequivalentiff
f � fA f 0B � fA f 0B and f � fA, which implies f 0B � 0. Onecanalso

seethat � fA f 0B � fA f 0B � xm � fAxm � xm implies fA � f 0B � 0. Also
note that if g � X1 � X2 � �
��� is a positive polarity Reed-Muller
form, theng � 0 iff X1 � X2 �D���
� 0. Therefore,no productterms
areincludedin fA or f 0B, i.e., thereshouldbeno gatesin GroupB,
andneitherin GroupA whenm �� n � 1. B

After wesuccessfullygetacircuit whereall CNOTn
 1 areplaced
in theleft mostpartof thecircuit by Shift� S� n � 1� , Main thencalls
Shift� S0 � n� , by which all CNOTn gatesareshiftedto theleft. They
areplacednext to CNOTn
 1 gatesalreadyshifted. Thenwe can
deleteall CNOTn by Lemma4. Thiscontinuesuntil Shift� S0 � 1� . In
our example,aftercallingShift� S0 � 1� , we geta circuit in Fig. 12.

After the8th line in Fig. 8, we have CNOTn
 1 gateswhich are
alreadyof thecanonicalform at theleft partof thecircuit andthen
CNOTi gates � i Ã n � 2� after them. Now we executethe second
half of Main, wherewe deleteall theCNOTi � i Ã n � 2� gates,i.e.,
thosewhosetargetbits areauxiliary ones,andfinally thereremain
only CNOTn
 1 gatesin thecircuit.

TheCNOTi � i Ã n � 2� gatesaredivided into two groups. The
first group,denotedby A, hascontrolbits in auxiliary bits andthe
secondgroup, B, doesnot. We first move group A gatesto the
left until the next positionsto CNOTn
 1 gates.This canbe done
by switchinggroupA gateswith groupB gates,which is always
possibleby usingRules(2)-(4). (Switchingtwo gatesbothin group
A, like gatesa andb in Fig. 12, is not soeasy.) ThenthegroupA
gatescanbedeletedoneby onefrom theleftmostoneby Rule(6).
Thenwe haveonly groupB gates.Recallthatwhenwe introduced
a CNOTi � i Ã n � 2� gates,we always introducedanotherCNOTi

which cancelsthe valueof
�
xi � . Thereforethe final valuesof the

auxiliary qubits are all 0. Thereforewe can deletethe group B
gatesby reorderingand applying Rule (1). (Otherwise,we can
imply a contradictionjust aswe did in theproof of Lemma4.) In
our example,we successfullygetto a circuit in Fig. 6 which is the
canonicalform for theinitial circuit. B
4.3 Completenessof the Rule Set

Now ourmainresultis almostimmediate:
Theorem 2. Let S1 andS2 beany equivalentquantumBoolean

circuits.Thenthereexistsasequenceof transformationrules,each
in therule setgivenin Section3, which transformsS1 to S2.

Proof. SinceS1 andS2 areequivalent,their canonicalformsare
thesameby Lemma3. Let thiscanonicalform beS. Wecantrans-
form S1 into Sby Theorem1. Let this sequenceof transformation
rulesber1. We canalsotransformS2 into Sby sequencer2. Since
all of our transformationrulesarebidirectional,we canget a se-
quencer 02 of rulesthat transformsS to S2 simply by reversingr2.
Now thesequencer1 followedby r 02 transformsS1 into S2. B
5. CONSTRUCTION OF EFFICIENT CIR-

CUITS
In this section,we proposeanexampleof circuit designproce-

durebasedon our transformationrules. The designflow consists
of thefollowing threesteps:

Step1. We make an arbitrary initial CNOT-basedcircuit from
a givenformula(dependingon theproblemfor thequantumalgo-
rithm).

Step2. We transformthe initial circuit to its canonicalform by
ourprocedureMain � S� in Section4.

Step3. A new transformationrule is givenin Section5.2,which
canberealizedby composingour transformationrulesandguaran-
teesa reductionif thecostof thecircuit. We just applythis rule as
many timesaspossible.

For Step1, it shouldbenotedthatif wecanuseauxiliaryqubits,
we can simulateany type of formula by a CNOT-basedcircuit
whosesizeis almostthesameasthegivenformula.Here,weshow
how to simulateCNF formulasby CNOT-basedcircuits in thefol-
lowing section.

5.1 Cir cuits for CNF Formulas
For simplicity, we use an example. Supposethat f �Ä� x1 �

x3 �5� x1 � x2 � x3 � . Thenwe preparetwo auxiliary qubits,
�
x5 � and�

x6 � for the first andthesecondclause,respectively (seeFig. 13).
Thenwe introducea gateg1 �Å� 5 �C� 1 � 3��� . (In general,for the i-
th clause,we introducegi �F� n � 1 � i � Ci � whereCi includes j if f
x j or x j appearsin the clause. Thus we useone auxiliary qubit
perclause.)Then,we placeNOT5, right afterg1 whereNOTi is a
simplernotationfor � i ��� ��� . NOTi works just like a negationgate.
Furthermore,we placetwo NOT1 gatesbeforeandafter g1 since
x1 appearsin thepositive form. Similarly two NOT3 gatesarein-
serted.Let G1 bethesetof thesegates.Thena similar set,G2, of
gatesareintroducedfor thesecondclause,but no NOT1 is inserted
sincex1 appearsin the negative form in thesecondclause.Then,
we introduceonespecialgatep �Æ� 4 �C� 5 � 6 ��� to propagatetheprod-
uct valueof theclausesinto

�
x4 � . After thatwe introduceG02 and

G01, which areexactly thesameasG2 andG1, respectively, in the
mirror positionsasshown in Fig 13.

Now it is easyto seethatthevalueof
�
x5 � afterG1 is 0 � x1 x3 �� x1 � x3 � , which is equalto thefirst clause,andsimilarly for

�
x6 �

andG2. Thusthevalueof
�
x4 � afterthespecialgatep simulatesthe

valueof thegivenCNFformula f . G01 andG02 areusedfor restoring
the statesof theauxiliary qubits. Thusour circuits simulateCNF
formulaswithoutmuchincreasingthesize,which immediatelyim-
pliesthatthesatisfiabilityproblemfor ourcircuitsis NP-complete.
Also, our transformationrulescansimulatetheResolutionsystem
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to prove the unsatisfiabilityof CNF formulaswith only a polyno-
mial overhead(omittedin thispaper).

5.2 Cir cuit Reductionfr omtheCanonicalForm
First we show a usefulcomplex transformationrule which can

berealizedby applyinga sequenceof our transformationrules:�
j � A 
 C1 ��� � j � A 
 C 
�� i � ��� �

i � C1 ��� � j � A 
 C 
�� i � ��� � i � C1 � �
if C � C1.

Figure14illustratesthistransformation.Thistransformationcan
bedecomposedasfollows: Firstweputtwo

�
i � C1 � gatesbyRule(1)

right after
�
j � A 
 C 
�� i � � . Next we move

�
j � A 
 C1 � and

�
j � A 
 C 
� i � � to thepositionbetweenthetwo added

�
i � C1 � gatesby Rules(2)

and(3), wherea new
�
j � A 
 C1 � gateis added.Finally, we remove

two
�
j � A 
 C1 � gatesby Rule (1) andget therighthand-sideof the

transformation.Wecangeneralizethetransformationfor morethan
two gatesasfollows:�

j � A 
 C1 ��� � j � A 
 C2 ������� � j � A 
 Ck ��� � j � A 
 C 
�� i � ��� �
i � C1 ����

i � C2 ������� � i � Ck ��� � j � A 
 C 
�� i � ��� � i � C1 ��� � i � C2 ������� � i � Ck � ,
if C � Cl � 1 � l � k� .

It is of coursehardto guessa reasonabledefinition of the cost
of CNOT gatesat this moment.However, asshown later, thereis
someevidencethattheimplementationof a CNOT gatewith more
inputsshouldbemoreexpensive thanwith lessinputs.If it is true,
thentheimplementationcostof thecircuit of therighthand-sideof
theabove transformationis smallerthanthatof thelefthand-side.

It is easyto seethatwe cantransformCircuit B to Circuit C in
thepreviousFig.2 byapplyingthistransformationmany times.Be-
low we presenta morecomplicatedandinterestingexamplewhere
we needsomeheuristics. Supposewe start from the circuit in
Fig.15(a). Firstweapplythetransformationto threepairsof gates,
i.e., a andd, b ande, andc and f to get thecircuit in Fig. 15 (b).
Next we cansimply deletetwo pairsof redundantgates,i.e.,h and
i, and j andk by Rule(1). Thenwecanoptimizethecircuit further
by applyingtheabove transformationto thegatesb andc.

We have anotherway to optimizethe circuit even more in this
case:First we swaptheorderof l andg, andaddtwo gatesm and
n asshown in Fig. 15 (c). Thenwe canapplythetransformationto
threepairsof gates,i.e., a andm, b andg, andc andn to get the
circuit in Fig. 15 (d). Next we furtherapply the transformationto
threepairsof gates,i.e.,o andp, b andc, andq andl to getthefinal

circuit in Fig. 15 (e).
Herewegiveacomparisonbetweentheimplementationcostsfor

thecircuitsin Fig.15(a) andFig.15(e) basedonthefollowing cost
assumption,whereCost � n� meansthecostof a CNOT gatewith n
controlbits: (i) Cost � 1� � 1, (ii) Cost � 2�!� 14, (iii) Cost � 3�!� 56,
(iv) Cost � 4�"� 140, and(v) Cost � m�#� 112� m $ 3� whenm % 5.
Our assumptionis basedon [1], which shows that(i) a CNOT gate
with two controlbitscanbedecomposedto 14basicquantumgates
with fewer inputs,(ii) aCNOT gatewith threeandfour controlbits
canbedecomposedto four andtenCNOT gateswith two control
bits, respectively, and(iii) a CNOT gatewith m�&% 5� control bits
canbedecomposedto 8 � m $ 3� CNOT gateswith two controlbits.
By a simplecalculationwe canseethat the costof the circuit in
Fig. 15(a) is 602,whereasthecostfor Fig. 15 (e) is 188.Thus,we
canusuallymake a circuit smallerif we applyour complex trans-
formation to appropriateportionsof the circuit. To find the best
portionto which we shouldapplythetransformationis acombina-
torial problemsimilar to finding a bestdivisor in theconventional
multilevel logic synthesis[7].

6. CONCLUDING REMARKS
As mentionedearlier, our ultimategoal is to develop a design

theoryfor quantumBooleancircuits.For this purpose:(1) Wewill
needmoreconcrete”guide” or heuristicsonhow to changeagiven
circuit into a bettercircuit. (2) During thecourseof this research,
we mayfind ”a counterexample”, i.e., a pair of circuits for which
our rule setneedsexponentiallymany steps.Therule setwill then
needto bemodifiedto copewith suchcounterexamples.(3) A de-
signtheoryfor sequentialquantumcircuitswill alsobeinteresting.
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