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ABSTRACT
We proposea new statisticaltiming analysisalgorithm,which

producesarrival-timerandomvariablesfor all internalsignalsand
primaryoutputsfor cell-baseddesignswith all cell delaysmodeled
asrandomvariables.Our algorithmpropagatesprobabilistictim-
ing eventsthroughthecircuit andobtainsfinal probabilisticevents
(distributions)atall nodes.Thenew algorithmis deterministicand
flexible in controlling run time andaccuracy. However, the algo-
rithm hasexponentialtime complexity for circuits with reconver-
gentfanouts.In orderto solve this problem,we furtherproposea
fastapproximatealgorithm. Experimentsshow that this approxi-
matealgorithmspeedsup thestatisticaltiming analysisby at least
anorderof magnitudeandproducesresultswith smallerrorswhen
comparedwith MonteCarlomethods.

1. INTRODUCTION
Processvariations,manufacturingdefectsand noiseare major

factorsin determiningthetimingcharacteristicsof deepsub-micron
designs.Processvariationsoftenresultin awide rangeof possible
device parameters,making circuit performancehard to estimate.
Delay faultscausedby interconnectdefectsandnoisesourcesare
also unpredictablein termsof size of induceddelay. All these
factorsarestatisticalin natureandarebestmodeledusingstatis-
tical models. Therefore,the useof statisticalmethodsfor timing
analysisto incorporatestatisticaltiming deviationscausedby these
sourcesseemsto beinevitable.

For statisticaltiming analysis,the delaysof cells/interconnects
aremodeledascorrelatedrandomvariableswith known probability
densityfunctions(pdf’s). Giventhesecell/interconnectdelays,the
cell level netlistandtheclockperiod,statisticaltiming analysiscan
derivetheprobabilitydensityfunctionsof thesignalarrival timesat
internalsignalsandprimaryoutputs.For largedesignswith a large
numberof delayrandomvariables,determiningclosedforms for
theprobabilitydensityfunctionsof thearrival timesat theprimary
outputsis computationallyexpensive andimpractical. Therefore,
thepopularMonteCarlobasedtechniqueis oftenusedto approxi-
matetheprobabilitydensityfunctionsof thesignalarrival timesat
theinternalsignalsandprimaryoutputs.Eachrun of MonteCarlo
simulationconsistsof two steps: samplingand analysis. In the
samplingstep,a singlevalueis chosenfrom eachrandomvariable
accordingto thelaw of probability. Theanalysissteputilizesthese
�
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sampledvaluesto derivethearrival timesatall signalsfor thegiven
circuit instance.Thestop(convergence)criteriaaredecidedbased
on the desiredaccuracy of resultsor the confidencelevel. Once
themeanor varianceconvergeswithin thedesiredprecisionrange,
theprocedureterminates.Themaindrawbackof theMonteCarlo
basedmethodis thata largenumberof runsis requiredto achieve
a high confidencelevel. Also, a large numberof theserunscon-
centrateson valuesnearthenominalvalue.Statisticalmethodsfor
timing analysishave beenproposedin [1, 2, 3]. However, dueto
theirhighcomputationalcomplexity, thesemethodsarerarelyused
in practice.A morepracticalMonteCarlo-basedstatisticaltiming
analysisframework applicableto largerdesignshasbeenproposed
in [4]. This paperalsoconsiderstheeffectsof outputcapacitance
loadsandinput transitiontimesto improve theaccuracy.

In this paper, we proposea new, faststatisticaltiming analysis
algorithm.Thealgorithmtargetscell-baseddesignsandall cell de-
lays aremodeledusingrandomvariables.The goal is to produce
arrival-time randomvariablesfor all internalsignalsandprimary
outputs.Thealgorithmcanbeappliedfor vectorlessstaticanalysis
aswell as for dynamicsimulationwith given input vectors. The
flow of the algorithmis similar to the compiled-codesimulation,
whereeachcell is evaluatedafter all the valuesat its faninshave
becomeavailable.At thebeginning,thesimulationqueuecontains
only the initial eventsat primary inputs. After that, thealgorithm
entersaloopin whichcellsareprocessedin alevelizedordertopro-
ducethearrival-timerandomvariablesattheiroutputs.Theprocess
continuesuntil all thecellshavebeenevaluated.

Themostimportantcharacteristicof thenew algorithmis thatit
is deterministic.Thefinal resultsproducedby thealgorithmcanbe
determinedcompletelyby inputs, i.e.,thesameinputswill produce
thesameresults,asopposedto therandomprocessusedby Monte
Carlomethods.Anotherspecialfeatureof the algorithmis that it
usesdiscretedelayrandomvariablesto modelcell delays.There-
fore, it is possibleto controlthebehavior of thealgorithmby con-
trolling thediscretizationof pdf’sof randomvariables.Thesmaller
thenumberof samplesof discreterandomvariablesis, thelessac-
curatethe resultsareand the fasterthe algorithmruns. We will
describeeachof thesefeaturesin detail in later sections.Apply-
ing thealgorithmto circuitswith reconvergentfanoutscouldresult
in exponentialtime complexity. Therefore,we proposea fastap-
proximatealgorithmfor thesecircuits. Experimentsshow thatthis
approximatealgorithmspeedsuptheprocessby at leastanorderof
magnitudeandproducesresultswith smallerrorswhencompared
with MonteCarlomethods.

2. SIGNAL ARRIVAL TIME EVALUATION
FOR A CELL USING PROBABILISTIC
EVENTS

The new algorithmtakes a cell-level netlist and the pin-to-pin
andwire cell delays(asrandomvariables)asinputsandproduces
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Figure1: Probabilistic events.

signalarrival timesfor everynodeandwire. Thebasicoperationis
processingof anindividual cell. This requiresevaluatingtheprob-
abilisticeventsat theoutputof thecell giventheeventsat thecell’s
inputs. Startingfrom a descriptionof theprobabilisticevents,the
following sectionswill explainhow to obtainsignalarrival timesat
theoutputof acell.

2.1 Probabilistic events
A probabilistic event, which is describedby a triple

�
s � t � p � , is a

signals scheduledwith anarrival time t andtheprobability p that
the signalwill arrive at this time. Figure1 illustratesthe concept
of theprobabilisticevents.Figure1(a)shows asingleprobabilistic
eventfor asignalwhichis scheduledattime1 andhasaprobability
of 1, i.e., this is a deterministicevent. A signalcould have more
thanoneeventassociatedwith it. All theeventsat thesamesignal
togetherform an event group. Figure1(b) shows an event group
with four events.Thesignal’s arrival time has20%of probability
to be2, 30%probabilityto be3, etc. Thesumof theprobabilities
in aneventgrouphasto be1. In therestof thepaperfor simplicity,
theeventswill be indicatedby thenumeratorsof their probability
fractions(whichareintegers)ratherthantherealprobabilityvalues
(Figure1(c)). Wedenotesuchintegersasprobabilityratios.

In statisticaltiming analysis,the cell delaysare randomvari-
ables. We apply the ”fix ed time unit” conceptto discretizethe
delayrandomvariableswhich cantremendouslyreducethe com-
plexity of statisticaltiming analysis.Basedon a chosentime unit,
all pdf’sof randomvariablesarediscretizedandrepresentedin dis-
creteforms,in whichany two adjacentdelaydatapointsarespaced
by thechosentimeunit. Thisdiscretizationprocessis describedin
thenext section.

2.2 Discretization of delayrandom variables

∆

Assuming triangle-shaped distribution
∆ is the sampling step

Figure2: Discretization of random variable.

Thediscretizationof delayrandomvariablesis usedto generate
discreteprobabilitydistributionsbasedon a time unit (alsocalled
a samplingstep). Thesamplingstepis a userspecifiedfixed time
unit to beusedfor discretizingall randomvariables.Thesampling
stepis alsousedasthetime unit for thesignalarrival time evalua-
tionsduringsimulationor timing analysis.Figure2 illustratesthe
discretizationprocesswith asamplingstep∆ for a randomvariable
having a triangle-shapeddistribution. A smallersamplingstepwill
result in moredatapoints in the discretedistribution. Therefore,
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Figure3: Propagatinga singleevent.

the samplingstepcontrolsthe resolutionand the run time of the
algorithm.

2.3 SignalArri val Time Evaluation for A Cell
In thissection,wedescribethepropagationprocessfor theprob-

abilisticeventsandthesignalarrival timeevaluationfor acell. We
start by describingpropagationof a single event. Then, we de-
scribethepropagationof aneventgroupandfinally, propagationof
multipleeventgroups.
Propagatinga singleevent. Propagationof probabilisticevents
throughthe circuit canbestbe illustratedby examples. Figure3
showsthecaseof propagatingasingleeventthroughanAND gate.
In this example,the event is a falling transitionarriving at time
t � 1 to the input of the gate. The discreterandomvariableof
the delay for the AND gateis also shown above the gatein the
figure.Thefinal eventsat theoutputof theAND gateareobtained
by shifting the cell delayby onetime unit sincethe deterministic
inputeventarrivesat time t � 1. Sincethis is a deterministicevent
propagation(theprobabilityis 1), thefour eventsin theeventgroup
at theoutputof theAND gatewill havethesameprobabilityvalues
asthe correspondingeventsin the discretedistribution of the cell
delay.
Propagatinganevent group. Propagatinganeventgroupthrough
a cell requirestwo operations:shift with scalingandgroup. Shift
with scaling shiftsthecell delayaccordingto eachinputeventand
scalesthecell delayprobabilitydistributionby multiplying it with
theprobability ratio assignedto this event. Theshift with scaling
operationis illustratedin Figure4. It resultsin 16 eventsat the
outputof theAND gate.Group operationaddstheprobabilitiesof
eventsat the samearrival time andforms a singleevent for each
arrival time. We use”+” sign to denotea groupoperationin the
following discussion.After groupingtheeventsat theoutputof the
AND gatein Figure4, thenumberof eventsin theevent groupis
reducedfrom 16 to 7. Notethatwe canusethesetwo propagation
rulesto propagatearrival time eventsthroughwires/interconnects
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whosedelaysarealsogivenasrandomvariables.
Propagating multiple event groups. Whentwo or moreevent
groupsappearat the inputsof a cell, we first generatethe output
eventsfor eachfaninsignalusingshift with scalingandgroupop-
erations.Then,we combinethe outputeventsinto a singleevent
groupat the output. To combinethe outputeventsfrom different
inputs,weuseeithera minimum(min) or maximum(max) operation
dependingonthetransitiontype(risingor falling) andthecell type.
Figure5 illustratestheprocessof combiningtheeventsat theout-
put of an AND gate. In this case,we usethe minimum operation
sincetheoutputof theAND gatehasafalling transitionandtheear-
liesteventshoulddominatetheresult(thedominatingeventsdefine
the final transitionof the signalat theoutputif therearemultiple
transitiontypesattheinputs).Theminimum operationcomparesall
possiblepairsof eventsattheoutputandproducestheearliestarriv-
ing events.Theprobabilityof theeventat theoutputis theproduct
of thetwo probabilitiesassociatedwith thepairof eventswhichare
comparedto form thefinal event. For example,theeventarriving
at time t � 1 in the lower groupshown at the outputof the AND
gatein Figure5 is comparedwith all theeventsin theuppergroup.
Sincethiseventdominatesall otherevents(its arrival timeis earlier
thanall eventsin theuppergroup),thefinal eventat time t � 1 will
haveaprobabilityratio16=1+2+3+4+3+2+1.Next, thetwo events
arriving attimet � 2 arecombinedtogetherwith aprobabilityratio
45 � 1 ��� 3 	 4 	 3 	 2 	 1
�	 2 ��� 2 	 3 	 4 	 3 	 2 	 1
�	 1 � 2. The
term1 ��� 3 	 4 	 3 	 2 	 1
 representstheprobability ratio of the
outputwhentheeventat time2 in theuppergroup(with aprobabil-
ity ratio 1) dominates(i.e., its arrival time is earlierthaneventsat
thelower input). Thenumberin parenthesis� 3 	 4 	 3 	 2 	 1
 re-
flectstheprobabilityof thisassumptionbeingtrue(by countingthe
probabilitiesof the eventsin the lower groupwhosearrival times
arelater than2). Theterm2 ��� 2 	 3 	 4 	 3 	 2 	 1
 is obtained
by assumingtheeventat time2 in thelowergroupdominates.The
lastitem1 � 2 representstheoutputeventobtainedby assumingthe
eventsat bothgroupsarriveat thesametime (time2). Theprocess
continuesuntil all theeventshave beenprocessed.Themaximum
operationin donein asimilarway.

3. STATISTICAL TIMING ANALYSIS AL-
GORITHM

Thepreviouslydiscussedevaluationprocessfor asinglecell can
be extendedto handlecircuits of tree-like structureby levelized
simulation,whereeachcell is evaluatedafterall its fanincellshave
beenevaluated. However, for circuits with reconvergent fanouts,
eventspropagatedfrom thesamefanoutstemwill convergeat the
samecell. Whenconverging, the eventsat different inputsof the
cell arenot independent.Therefore,they requireaspecialhandling
duringthecombiningprocess(differentfrom theminimum or max-
imum operation).In thefollowing sections,we will give detailsof

thesignalreconvergency problemandthesolutionby circuit parti-
tioning.

3.1 SignalReconvergencyand Supergates
If a circuit hasreconvergentfanouts,thenpropagatingtheevent

groupat thestemforwardsto its fanoutconeusinga minimum or
maximum operationat eachcell would result in mixing unrelated
events. To illustrate, considerthe circuit in Figure 6. Consider
gateSG1 with inputsa andb andassumetherearetwo events(e1
ande2) at stemS1. Let e1 producean event groupE1a at a and
event groupE1b at b. Similarly, e2 producesE2a andE2b. The
correcteventsat SG1 shouldbemax� E1a 
 E1b 
�	 max� E2a 
 E2b 
 .
However, simply propagatinge1 	 e2 would lead to an incorrect
result, max� E1a 	 E2a 
 E1b 	 E2b 
 . In the latter equation,E1a
shouldnot be comparedwith E2b becausethey areproducedby
two eventse1 ande2 whichdonot happenat thesametime.

Tosolvetheproblem,weproposeacircuit partitioningalgorithm
with asamplingtechniquefor eventsat fanoutstems.Wefirst sim-
plify the problemby partitioning the circuit into a set of super-
gates[5]. A supergate is a single-outputsub-circuitwith all inputs
beingindependentfrom eachother. Therefore,to obtainthearrival
time for the outputcell of a supergate,it is sufficient to solve the
problemonthesubcircuitdefinedby thesupergate.In otherwords,
to obtainthesignalarrival timesfor a cell, we have to first detect
if the currentcell is a reconvergentgate(i.e., the outputcell of a
supergate)andthenderive thearrival time for thesupergateusing
thealgorithmdescribedin thenext section.For theexamplecircuit
in Figure6, therearetwo supergates,SG1 andSG2, in thecircuit.
SG1 is definedastheintersectionof faninconeof SG1 andfanout
conesof S1 andS2. Insidetheregiondefinedby thesupergateSG1,
therearetwo otherstems:S3 andS4. Therefore,four fanoutstems
S1,S2,S3andS4arecontainedinsidethesupergateSG1. Likewise,
supergateSG2 containsthreestemsS2, S3 andS4. Pleasenotethat
supergatescouldoverlapwith eachother(e.g.,SG1 overlapswith
SG2).

3.2 The Exact Algorithm
To derive the eventsat the outputof a supergate,several tech-

niquesareneeded.Next, weillustratethesetechniquesusingfirst a
supergatewith only onestem,two stems,andfinally ageneralcase
of multiplestems.
Sampling-evaluation processfor a stem. For a supergatewith
only onestem,weprocesstheeventsat thestemone-by-one.Each
time we take only oneevent from the groupof eventsat thestem
(sampling) andpropagateit forwardto theoutputof thesupergate.
Next, sincethereis no reconvergentproblem,eventsproducedby
thissingleeventat faninsof thereconvergentgatearecombinedby
applyinga minimum or maximum operation.Finally, theprobabil-
ities of the combinedevent grouparescaledwith the probability
of thesampledstemevent.This sampling-evaluation processis re-
peatedfor eachevent at the stemandthe resultingevent groupis
continuouslyaccumulatedby applyingthegroup operation.When
all eventsat thestemhave beenprocessed,theaccumulatedevent
grouprepresentsthesignalarrival timeof thesupergate.
Sampling-evaluation processfor two stems. In this case,there
aretwo possibleconfigurations:(1) no stemis in the fanoutcone
of theotherstem(S1 andS2 in Figure6 for SG1), and(2) onestem
is in the fanoutconeof the otherstem(S2 andS3 in Figure6 for
SG1).

For the first case,the sampling-evaluationprocessis similar to
thesinglestemcase.Theonly differenceis that theprocessstarts
with a sampledevent pair. The sampledevent pair is formedby
takingoneeventfrom eacheventgroup.For a completesampling-
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evaluationprocess,all possiblepairs of eventsat the two stems
shouldbe considered.For example,assumethereare two initial
eventsat S1 (e1S1 � e2S1) and also two eventsat S2 (e1S2 � e2S2).
Therefore,therearefour possiblepairs: (e1S1 � e1S2), (e1S1 � e2S2),
(e2S1 � e1S2) and (e2S1 � e2S2) and the sampling-evaluationprocess
will be donefor eachpair. At the endof eachprocess,the prob-
abilitiesof the resultingevent grouparescaledwith the probabil-
ity of thesampledeventpair, which is theproductof probabilities
of two sampledevents. We usethe term cross-product sampling-
evaluation to namethisprocess.

For thesecondcase,whenonestemis in thefanoutconeof the
otherstem(S3 is in thefanoutconeof S2 in Figure6), thesampling-
evaluationprocessstartsfrom thestemcloserto theprimaryinputs
(i.e., stemS2). First, oneevent at S2 is sampled,evaluatedand
propagateduntil S3 is reached.Then,theeventgroupof S3 is also
sampledandpropagatedto the outputof the supergaterepeatedly
until all eventsat S3 areprocessed.After thesimulationof events
at S3 is done,theremainingeventsat S2 arere-visitedfor another
roundof sampling-evaluationphase.This processcontinuesuntil
thereis no event left un-processedat S2. Eachtime eventsreach
SG1, theprobabilitiesof theseeventsarescaledwith probabilities
of the two sampledeventsof S2 andS3, andaccumulatedat tem-
porarystorageat SG1. At theendof the process,final resultsare
obtainedat SG1. This recursion-like processis namedasrecursive
sampling-evaluation.
Sampling-evaluation processfor a general case. For a super-
gatewith morethantwo stems,thesampling-evaluationshouldbe
furthergeneralized.Theevaluationsequenceis thecombinationof
two processes:cross-productandrecursive sampling-evaluations.
All stemsof asupergatearefirst levelizedaccordingto theirevalu-
ationdependency, i.e.,wecheckif onestemis in thefanoutconeof
theotherstem.Stemsareputin thesamelevel if they donotdepend
on eachotherin thesampling-evaluationprocess.A cross-product
sampling-evaluationis appliedto thesestemswith asampledevent
tuple formedby taking oneevent from eachevent group. When-
ever anotherlevel of stemsare reachedby a previous sampling-
evaluationprocess,anew cross-productsampling-evaluationphase
startsfor the new level. The processcontinuesuntil all possi-
ble pairsof eventsareevaluatedfor the currentlevel. Then, the
sampling-evaluationreturnsto thepreviouslevel (recursivesampling-
evaluation). For example,for the four stemsS1, S2, S3 andS4 of
supergateSG1 in Figure6, two stemsS1 andS2 arein thefirst level
andtheothertwo stemsarein thenext level. Assumethereis atotal
of threeinitial events:oneat S1 (e1S1) andtwo at S2 (e1S2 � e2S2).
Also assumethate1S2 producestwo events,e1S3 � e1S2 ande2S3 � e1S2 ,
atS3 andsimilarly anothertwo events,e1S4 � e1S2 ande2S4 � e1S2 , atS4.

Thecompletesequenceof computationsto obtaintheeventgroup
representingthesignalarrival timesatSG1 is:

1. cross-productsampling-evaluatefor S1andS2with (e1S1 � e1S2)

2. cross-productsampling-evaluatefor S3 andS4 with
(e1S3 � e1S2 � e1S4 � e1S2); accumulatetheeventgroupat SG1

3. cross-productsampling-evaluatefor S3 andS4 with
(e1S3 � e1S2 � e2S4 � e1S2); accumulatetheeventgroupat SG1

4. cross-productsampling-evaluatefor S3 andS4 with
(e2S3 � e1S2 � e1S4 � e1S2); accumulatetheeventgroupat SG1

5. cross-productsampling-evaluatefor S3 andS4 with
(e2S3 � e1S2 � e2S4 � e1S2); accumulatetheeventgroupat SG1

6. repeatsteps1-5 with replacinge1S2 by e2S2

As it can be seen,the time complexity increasesrapidly with
increasingnumberof stems.Theestimatedruntimeis proportional
to O

�
NNs

e � (Ne is the numberof eventsand Ns is the numberof
stems),which is apparentlynot feasiblefor practicalapplications.
In orderto reducethetimecomplexity, weproposeanapproximate
algorithmin thenext section.

3.3 An ApproximateAlgorithm
Theapproximatealgorithmcombinesseveraltechniquesto jointly

improve therun time. They aredescribedin thefollowing several
paragraphs.
Dropping low probability events. In theprocessof eventpropa-
gation,it is possibleto produceeventswith very low probabilities.
Theseeventswill only produceeventswith even lower probabil-
ities. Therefore,it is desirableto set a minimum probability to
screenout theseeventsasearlyaspossible.Theeventswith prob-
abilitieslower thanthesetminimumprobabilityaredroppedfrom
the event groupwhenever they arepropagatedto the outputof a
cell.
Filtering out unnecessarystems. Althoughsomestemsproduce
reconvergentevents,thearrival timesof theeventscausedby them
areso early that they will never affect the arrival time at the out-
put of the supergate. By somesimple analysis,we can identify
suchstemsandeliminatethemfrom thesampling-evaluationpro-
cessandthusspeedup thealgorithm. Our methodfor identifying
suchstemsis throughtheuseof thesimpleeventgrouppropagation
(Section2.3) for eachstemwhile assumingthereis noeventgroup
at other stems. In this way, the rangeof arrival times of events
(generatedby thestemunderconsideration)at theoutputof thesu-
pergatecanbe estimatedwith low computingresources.A stem
is removed from considerationin thesampling-evaluationprocess
if the estimatedrangeof the arrival time at the supergateoutput
causedby eventson this stemdoesnot overlapwith the rangeof
the arrival timesat the supergatecausedby the eventsfrom other
stems.
Choosingeffective stems. Stemsdo not produceequallysignif-
icantreconvergentevents.Therefore,we canfind themoreimpor-
tantstemsusingthe resultsobtainedby sampling-evaluatingeach
stem.Themethodcomparestheresultsof thesampling-evaluation
processfor eachstemwith thosewithout consideringany stems.
Thuswe canestimatehow sensitive thesignalreconvergency is to
aneventgroupproducedby a stem.We proposeto chooseoneor
two mostsensitive stemsfor eachsupergateto estimatethe final
eventgroupat theoutputof thesupergate(single-stemor two-stem
estimation). This single-stemor two-stemtechniqueis the most
effective methodto improve the efficiency of the algorithmwith
minimumlossof accuracy.
Limiting the circuit depth of supergates. The sizeof a super-
gateis animportantfactorin therun timeof thealgorithm.This is



becausethereis generallyfewerstemsin asupergatewith asmaller
number� of gatesandit takeslesstimeto applysampling-evaluation
for eachstem. This observation motivatesthe conceptof limiting
the circuit depthof supergates,i.e., limiting the numberof logic
levels betweenstemsandtheoutputof thesupergatewhenbuild-
ing thesupergatestructure.In this way, thesizeof supergatescan
be reduced. However, if we limit the logic level of a supergate,
theinputsof thelimited-level supergatewill no longerbeindepen-
dent. Thus, the resultswill no longerbe accurate.However, the
effectscausedby signalcorrelationsareweaker if thereconvergent
gateis fartherfrom the stemsource(the distanceis measuredby
thenumberof logic levelsbetweenthesourceandthereconvergent
gate)[6]. Therefore,theerrorcausedby this heuristiccanbemin-
imized if the limit of supergatedepthis not too small (say, larger
than10). In thenext section,wewill presentresultsof experiments
conductedin orderto observehow accuracy changesby varyingthe
depthof supergates.

4. EXPERIMENT AL RESULTS
In thefollowing, we demonstratethatby usingtheapproximate

techniquesdiscussedabove it is possibleto speedup the arrival
time estimationprocessby at leastan orderof magnitudeandat
thesametimemaintainsmallerrorpercentagesascomparedwith a
MonteCarlo-basedstatictiming analyzer. All experimentsutilize
the techniquesfor ”filtering unnecessarystems”and”single-stem
estimation”.

First,wedemonstratetheeffectivenessof the”droppinglow prob-
ability events”heuristic.Next, weshow thatby varyingthenumber
of datasamplesof eachrandomvariable,it is possibleto selectan
optimalparameterfor discretizingrandomvariablesto balancebe-
tweenrun time andaccuracy. Similarly, it is alsopossibleto find
theoptimallogic depthlimit for constructingthesupergates.Since
all thesetechniquesareorthogonalto eachother, we canapplyall
of themfor a faststatisticaltiming analysis.

Weusethecombinationalpartsof ISCAS89benchmarkcircuits
for our experiments.Thesecircuits werefirst optimizedfor per-
formanceby SynopsysDesignCompiler[7]. Themeansof all cell
delaysareassumedto beafunctionof thenumberof inputs/outputs
of thecells.Thestandarddeviation(σ) is in therangeof (4%,10%)
of themean(thevalueof σ is fixedfor eachcell).

In the following experiments,a Monte Carlo processfor tradi-
tional static timing analysiswith 105 runs is usedas a compari-
son target. The numberof runs, 105, is selectedto balancethe
accuracy and the run time of the Monte Carlo method. The er-
ror percentageof thesamplemeanobtainedby MonteCarlometh-
ods is boundedby c � s � ��� n � m � [8], wherec is the solutionof
the equation,T

�
c � � �

1 � γ ��� 2 (T
�
c � is the Student t distribution

with a parameterc andγ is theconfidencelevel), s2 is thesample
variance,m is the samplemeanand n is the numberof samples
(runs). Therefore,we canestimatethe error percentagewith 105

runsasboundedby c � s � � � n � m � � 3 � 0 � 0 � 10�
�

105 � 0 � 095%
with c � 3 � 0, γ � 0 � 99ands � m � 0 � 10.

Beforecomparingthenew algorithmwith theMonteCarlomethod,
weneedto selectthreeparametersfor theapproximatetechniques:
theminimumprobabilityof events(Pm) for filtering, thenumberof
datasamplesfor discretizingcell delayrandomvariables(Ns) and
the depthlimit of supergates(D). Note that only D is treatedas
a circuit-dependentparameter, while theothertwo parametersare
keptthesamefor all circuits.

Figure7 shows theeffectsof droppinglow probabilityeventson
the error percentagesfor arrival time meanandvarianceandrun
timefor circuit s15850,which is chosenfor demonstrationbecause
thesizeof thecircuit is appropriatefor experimentingvariouscon-
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Figure7: The error percentagesand the run time v.s. the min-
imum probability for s15850.
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Figure8: The error percentagesand the run time v.s. the num-
ber of data samplesof cell delay random variables for s15850.

figurationsand it actually hasthe worst performanceamongthe
testedbenchmarks(Table1). The error percentagesareobtained
by comparingtheresultsof usingdifferentPm for filtering against
the resultsobtainedwithout droppinglow probability events. As
it canbeseen,with the increasingPm, theerrorsfor themeanand
varianceincreaseand the run time decreases.Using the plot in
Figure7, wechoosePm � 10� 5 whichgivesreasonablylow errors
(0.114%for meanand3.24%for variance)while it hasa fastrun
time (174). Note that all error percentagesusedin this paperare�
Me

� � 3 � σe, whereMe andσe
2 arethemeanandthevarianceof

error percentagesof signalarrival timesof all signalnodesin the
circuit. This errorpercentageboundcancover morethan99%of
all casesby its 3σ range.

Figure8 shows theeffectsof thenumberof datasamplesof ran-
domvariables(Ns) on theerrorpercentagesfor arrival time mean,
varianceandruntimefor circuit s15850with Pm � 10� 5. Thecom-
parisontarget in this experimentis theMonteCarloprocess.This
plot demonstratesan interestingpropertyof varyingNs: a bathtub
shapeof errorgraphs.A largernumberof samplesfor discretizing
cell delayrandomvariablesdoesnot necessarilygive lower errors.
Thereasonis becausewith a fixedPm moreeventsarefilteredout
dueto thelargernumberof samples,whereeventshaveloweraver-
ageprobabilitiesthanthosewith asmallernumberof samples.Us-
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Figure9: The error percentagesand the run time v.s. the depth
of supergatesfor s15850.

ing thisplot, wederive thatNs � 20matchesbestwith Pm � 10� 5.
Theeffectsof thesupergatedepthlimit on theerrorpercentage,

varianceandrun time areshown in Figure9 with Pm � 10� 5 and
Ns � 20. The experimentshows that with a lower limit of logic
level for supergatestherun timewill belower, but theerrorwill be
larger. For s15850,D � 22 seemsto be thebestchoice.Thebest
valuesof D for differentcircuitsdependsontheircircuit structure.

Similar resultsandgraphsareobtainedfor otherbenchmarkcir-
cuits. Theresultsfor several circuitsareplottedin Figure10 (the
comparedcputime for thenew algorithmincludethetime for the
initialization, thecircuit partition,andtheheuristics.)Theapprox-
imate algorithmhasachieved more thanoneorder of magnitude
speedupover the Monte Carlo processwith the errorsof means
boundedwithin 0.095%ascomparedwith theresultsproducedby
theMonteCarloprocess,exceptfor thecircuit s38584.Thevalue
0.095%is theerrorboundof MonteCarloprocess.By tracingthe
sourcesof larger errorsin s38584,we have found that the larger
errorsareactuallycausedby the ”single-stemestimation”heuris-
tic. To further increasethe accuracy level, we proposeto selecta
few supergateswhichrequiremoreelaboratemethodsthan”single-
stemestimation”. To handlesupergateswith multiple stems,it is
possibleto usea specialMonte Carlo processwhich candirectly
take samplesfrom theprobabilisticevents.By applyingtheMonte
Carlomethodinsidea supergatewith thesamenumberof runsfor
a completecircuit, we can have smallererrorsfor the supergate
sincethereis asmallers � m ratio insideasupergate.This leadsto a
somewhathybridapproachthatcombinesthenew methodwith the
MonteCarlomethod.Pleasenotethatthenew algorithmconsumes
abouttentimesthememoryrequiredby theMonteCarloapproach,
sinceit hasto storetheprobabilisticeventsfor eachsignal. How-
ever, theseprobabilisticeventsactuallycanbeusedto constructthe
waveformof thearrival timedistribution,which is amoreaccurate
descriptionof thedistributionthanjustwith themeanandvariance
of theMonteCarloapproach.If theMonteCarloapproachis used
to collect the arrival time samplesfor eachsignal(for a complete

Ckt s5378 s9234 s13207 s15850 s35932 s38584
Ng 6.58 6.97 8.16 9.55 3.59 4.42
Ns 1.33 1.20 1.02 1.43 1.27 0.87

Ng: averagenumberof gatespersupergate
Ns: averagenumberof fanoutstemspersupergate

Table 1: The averagenumber of gatesand fanout stemsof su-
pergates
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Figure 10: The speedupand the error percentagesfor bench-
mark circuits.

waveform),thememoryrequirementwill bein thesamelevel asthe
new algorithm.And theunusedprobabilisticeventscanbedeleted
to save theresourcewhenthereis no furtherreferenceto them.

Thereis anotheranomalouscircuit (s15850)whichhasthelow-
estspeedupfactor. This circuit hasvery complex structuresof su-
pergates.Both theaveragenumbersof gatesandstemsin a super-
gatearethe largestamongall circuits (Table1). Thesetwo num-
bersindicatethattheaveragetimespentonhandlingeachsupergate
within s15850shouldbethehighestamongall circuits.

5. CONCLUSIONS
We proposea novel deterministicstatisticaltiming analysisal-

gorithm basedon the conceptof probabilisticevent propagation.
Experimentsshow that this algorithm is significantly fasterthan
Monte Carlo methodsand producesresultswith high accuracy.
Therefore,it can be appliedto larger circuits. The new method
canalsobe usedasa coreenginein many applicationsfor which
it is importantto considerstatisticaldelaymodelssuchas: yield
estimationandoptimization,power/glitchestimation,performance
sensitivity analysisandtargetselectionfor delayfault testing.
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